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PREFACE 


The author of this book has often given lectures on the 
theory of geometrical constructions to participants in 
mathematical olympiads, which have been organized every 
year since 1947, for the pupils of secondary schools in the 
city of Lvov. The first chapter of this work is based on these 
lectures. 

The second chapter describes the investigations made by 
the author in connection with geometrical constructions car- 
ried out by compasses alone with a bounded opening of its 
legs. 

This {book is designed for a wide circle of readers. It 
should help teachers and pupils of senior classes of secondary 
schools to acquaint themselves in greater detail with geo- 
metrical constructions carried out by compasses alone. 
This work can serve as a teaching aid in school mathematical 
clubs. It;can also be used by students of physical and mathe- 
matical departments of universities and teachers' training 
colleges to deepen their knowledge of elementary mathemat- 
ics. 
The author would like to express his sincere gratitude to 
professor A. N. Kovan'ko, assistant professors V. F. Roga- 
chenko and I. F. Teslenko, and to experienced teacher 
ВАС. Orach for reading the manuscript and offering a great 
deal of valuable advice. 


INTRODUCTION 


Geometrical constructions form a substantial part of 
a mathematical education. They represent a powerful tool 
of geometrical investigations. 

The tradition of limiting the tools of geometrical construc- 
tions to a ruler and compasses goes back to remote anti- 
quity. The famous geometry of Euclid (3rd century B.C.) 
was based on geometrical constructions carried out using a 
pair of compasses and a ruler, the compasses and ruler being 
regarded as equivalent instruments; it did not matter whether 
the construction was carried out with a pair of compasses 
alone, or with a ruler alone, or with both a pair of compasses 
and a ruler. 

It was noted a long time ago that compasses are a more 
precise tool than rulers. Certain constructions could be 
carried out by compasses, without using a ruler; for exam- 
ple, dividing a circumference into six equal parts, construct- 
ing a point symmetric to a given point with respect to a 
given straight line, and so on. Attention was drawn to the 
fact that in engraving thin metal plates, in marking out index- 
ing dials of astronomical instruments only compasses are 
used. This, probably, was the stimulus for investigations 
into geometrical constructions that could be carried out by 
compasses alone. 

In 1797 the Italian mathematician Lorenzo Mascheroni, a 
professor of the University of Pavia, published an extensive 
tract called The Geometry of Compasses, which was later 
translated into French and German. In the tract he proved 
the proposition that 

All construction problems solvable by means of a pair of 
compasses and a ruler can also be solved exactly by a pair of 
compasses alone. 

This statement was proved in 1890 by Adler in an original 
way, using inversion. He also proposed a general method of 
solving geometrical construction problems by means of 
compasses alone. In 1928 the Danish mathematician Hjelm- 
slev discovered in a bookshop in Copenhagen a book by 
G. Mohr titled The Danish Euclid and published in 1672 in 
Amsterdam. In the first part of the book there was a complete 
solution of Mascheroni’s problem. Thus, it had been shown 
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alongtime before Mascheroni that all geometrical construc- 
tions capable of being carried out by a pair of compasses 
and a ruler can also be carried out by a pair of compasses 
alone. 

The branch of geometry dealing with constructions which 
can be completed using a pair of compasses alone is called 
the geometry of the compasses. 

In 1833 the Swiss geometer Jacob Steiner published a 
book called Geometrical Constructions Using a Straight Line 
and a Fized Circle, in which he investigated constructions 
carried out by a ruler alone. His basic result can be formu- 
lated as follows: 

Every construction problem solvable by compasses and a 
ruler can also be solved by using a ruler alone given a circle 
with fixed centre and radius in the plane of the drawing. 

Thus, in order to make the ruler equivalent to the com- 
passes, it is sufficient to use a pair of compasses once. 

The Russian mathematician Lobachevskii introduced in 
the early 19th century a new geometry which later became 
known as non-Euclidean or Lobachevskian geometry. Re- 
cently, thanks to the efforts of many scholars, especially 
Soviet ones, the theory of geometrical constructions in Lo- 
bachevskian plane has been rapidly developed. 

A. S. Smogorzhevskii, V. F. Rogachenko, K. K. Mokri- 
Shchev, among others, have investigated constructions in the 
Lobachevskian plane without a ruler and shown the possi- 
bility of executing constructions similar to those of Masche- 
roni in the Euclidean plane. 

Soviet scientists have now completely and rigorously 
formulated a theory for the geometrical constructions in the 
Lobachevskian plane, a theory as complete as the theory of 
geometrical constructions in the Euclidean plane. 


1. CONSTRUCTIONS BY COMPASSES ONLY 


Sec. 1. On the Possibility of Solving Geometrical 
Construction Problems by Compasses Only. 
The Basic Theorem 


In this section we give the proof of the basic theorem of 
the geometry of compasses for which purpose it is necessary 
to examine the solutions of problems on construction by 
compasses alone. 

It is clear that we cannot draw a continuous straight line 
given by two points using only compasses, although as will 
be shown later we can construct one, two, and, generally, 
any number of points on a given straight line*. Thus, the 
Mohr-Mascheroni theory does not cover the entire construc- 
tion of a straight line. 

In the geometry of compasses, a straight line or a segment 
is defined by two points and is not considered a continuous 
straight line (drawn with.a ruler). The construction of a 
straight line is said to be Completed if any two of its points are 
constructed. 

We introduce the асанов: 

(AB) is а straight line passing through points A and В, 

[AB] is a segment AB, 

| AB | is the distance between the points A and В, 

(O, r) is a circumference (or a circle) with centre O and 
radius r, 

‚ (A, | BC |) isa aeons (or a circle) with centre A 
and radius r = | BC |. 

Let us agree to un the phrase “With point O as centre 
and radius r we describe a circle (or draw an arc)" in the 
short form: "We describe (or draw) the circle (O, r)", or 
sometimes still shorter: "We describe (O, r)”. The phrase 
"The segment AB, where | AB | — a" we consider to be 
equivalent to "The segment a", and, accordingly, if | CD | — 
= n | AB | we may say that the segment CD is n times as 
great as the segment AB. 


* From the practical point of view, there is no ground to regard a 
Straight line as constructed if some of its points are constructed. 
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Other symbols and notation used in this book are given 
in Appendix 1 

Problem 1. Construct a point symmetric to a given point C 
with respect to a given straight line AB. 

Given (AB) and point C. Construct C, = Sap) (C)*. 

Construction. We describe the circles (A, | АС |) and 
(B, | BC |) which intersect at point C, (Fig. 1). The point C, 
is the required point. 

If the point C lies on the straight line AB, then it is sym- 
metric to itself [i.e. С = Scan) (С)|. 

Note. To verify that three given points A, B, and X lie on 
the same straight line, it is necessary to construct any point 





Fig. 1 


C outside the straight line AB and then the point C, sym- 
metric to C. Obviously, the point X lies on the straight line 
AB if and only if | CX | = | CX |. 

Problem 2. Construct a segment 2, 3, 4, . . ., and in gen- 
eral n times as great as a given segment AA, (n is any na- 
tural number, n € N). 

Given | AA, | = г. Construct [A4,], | AA, | = n | АА. |, 
where n EN. 

Construction (1st method). Keeping the opening of the 
compasses constant and equal to r, we describe the circle 
(Аз, г). Then we construct the point A, diametrically oppo- 
site to the point A, for which purpose we describe the cir- 
cles (A, r), (B, r) and (C, r), at the intersection points of 


* See Appendix 1. 
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these circles with the circle (A,, r) we obtain the points B, C, 
and A, The segment | AA, | = 2r (Fig. 2). 

Now we describe the circle (Аз, г) which intersects the 
circle (C, r) at the point D. At the intersection point of the 
circles (Аз, г) and (D, г) we obtain the point As. The seg- 
ment | АА, | = 3r, and so on. 

Having carried out the above construction n times, we 
get the segment | AA, | — nr. 

The validity of the result follows from the fact that com- 
passes with an opening equal to the radius of a circle divide 
its circumference into six equal parts. 

Construction (2nd method). We take an arbitrary point B 
outside the straight line AA, and draw the circles (Aj, 
| AB |) and (B, r) which intersect at the point C (Fig. 3). 
If the circles (4,, г) and (C, | A,B |) are drawn, they will 
intersect at the sought-for point A,. The segment | AA, | = 
= 2r. We describe the circles (A5, г) and (C, | A,B |) and 
denote their intersection point by As. Here | АА. | = 3r, 
and so on. 

The validity of the result follows immediately from the 
fact that the figures ABCA,, A,BCA,, ABCA}, ... are 
parallelograms. 

Note. It is also easy to construct segments 2, 4, 8, 16, . . . 
..., 2* times as great as the given segment AA. To this 
end we describe the circle (44, г) and find the point A, dia- 
metrically opposite to the point A (| AA,| = 2r), describe 
the circle (Ag, 2r) and find the point A, diametrically oppo- 
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site to the point A (| AA, | = 4r). The point Аз, which is 
diametrically opposite to the point A on the circle (Ал, 4r), 
defines | АА; | = 8r, and so on. After k steps we obtain 
| AAgk | = 2*r*. 

Problem 3. Construct a segment whose value x is the 
extreme term of the proportion a/b = с/х, where a, 6, and с 
are the values of the given segments. 





Fig. 4 


Given the segments a, b, and c. Construct a segment z such 
that a/b = с/х. 

Construction (1st method). We take an arbitrary point О 
and describe two circles (O, a) and (O, b). With an arbitrary 
point A on the circle (O, a) as the centre we describe (A, c) 
and denote the intersection point of these circles by B. 
Now we describe two circles (А, d) and; (B, d) of arbitrary 
radius d > | a — b |, which intersect (О, Б) at the points 
A, and B,. The segment z = | A,B, | is the required seg- 
ment (Fig. 4, a). 

Proof. ^AOA, = А ВОВ, (three sides are equal), therefore 


ИМ. PA N A 
AOA, = BOB, and АОВ = A,0B,. The isosceles triangles 
AOB and A,OB, are similar, hence, 


alb == с/| A,B, |. 


* It is easy to show how to construct segments т, m?, m3, ..., mh 
times as great as the given segment, where m = 3, 4, 5, ... . For 
аша for т = 5 we construct the segment | А4, | = 5 | АА, | 
(Problem 2). Given the segment AA,, we construct the segment 
ДА, | = 51441 = 52 | 44,1 (Problem 2). Then we construct 
the segment | АА;зу | = 5 | AAgs | = 53 | АА; |, and so on, 
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The construction given above is possible for c < 2a. If 
c > 2a and b < 2a, we construct a segment whose value is 
the extreme term of the proportion a/c — b/z. In the case of 
с > 2a and b > 2a we construct the segment na (Problem 2) 
taking n such that c < 2na* (or b < 2na). Then we con- 
struct a segment y whose value is the extreme term of the 
proportion na/b — c/y. If now we construct a segment z — 
— ny (Problem 2), then we obtain a segment which is the 
fourth proportional to the segments a, b, and c. 

In fact 

nalb = с/у or alb = cíny. 


Construction (2nd method). We construct the circles 
(C, a) and (C,, a), where C and C, аге the end points of the 
segment c. At the intersection we obtain the point В 
(Fig. 4,6). The circle (B, Б) intersects the circles (C, а) and 
(Су, a) at points D and D,. The segment DD, is the required 
segment. 

Proof. The isosceles triangles C,BD, and BCD are con- 


ИМ. N “™ Z0 
gruent, therefore CBD = C,BD,. Hence, CBC, = DBD,. 
From the fact that the isosceles triangles CBC, and DBD, are 
similar it follows that 


alb = c/| DD, |. 


"For с > 2a and b > 2a, as well as in the first case, we 
find the segment’ na such that 2na — c and 2na > b and 
then constructa segment^y that is the extreme term of the 
proportion na/b — c/y. The segment ny is the required seg- 
ment. 

Problem 4. Bisect the arc AB of the circle (O, r). 

We can assume that the centre O of the circle is known; it 
will be shown below (Problem 13) how to construct the 
centre of a circle (or arc) using only compasses. 

Construction. Putting a — | AB |, we describe circles (O, 
а), (A,r) and (В г); at the intersection we obtain the points 


* We find a segment 2na > c in the following way. We construct 
the segment a, = 2a (Problem 2). We describe a circle (O,, c) with 
an arbitrary point O, as centre and lay off in an arbitrary direction 


segments | 0,4, | = a, | O,A,| = 2a,, | O,A3| = За, and so оп 
(Problem 2). After a finite number of steps we arrive at the point A, 
whioh lies outside (От, c). Obviously, the segment | 04, | = na, = 
= 2na > c. ў 
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C and D (Fig. 5). At the intersection of the circles (C, 
| CB |) and (D, | AD |) we obtain the point Е. If now we 
draw the circles?(C, | OE |) and (D, | OE |), then, at their 
intersection, we obtain the points X and X,. The point X 
bisects{the arc AB, while the point X, bisects the arc which 
forms, together with the first one, the full circle. (In the case 





Fig. 5 


the whole circle (O, r) is drawn, we can draw only one circle 
(either (C, | OE |) or (D, | OE |) which defines points X 
and X,, when intersecting (O, r)). 

Proof. The figures ABOC and ABDO are parallelograms, 
therefore the points C, O, and D lie on the same straight 
line ([CO] | LAB], [OD] ||[4B]). From the fact that the 


SN 
triangles CED and CXD are isosceles it follows that COE = 


A070. 
= COX = 90°. Thus the segment OX is perpendicular to 
the chord AB. Consequently, in order to prove that the point 
X bisects the arc AB, it is sufficient to show that | OX | — 
= г. 

Since АВОС is a parallelogram, we have 

| AO ? + | BC |? = 2 |0В  - 2| AB |? 
or 
га + | BC |? = 2r? - 28, 
so that 
[ВС |? = 2а? + т, 
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Since the triangle COE is right-angled, we have 
| CE = | ВСР = | OC |? + | OE f, 
whence 
2а? + т? = а? + | ОЕ |? 


[ОЕ P = а? + r. 
Finally, using the right-angled triangle COX, we obtain 
|OX|=V |CX|*— 10612 = V JOE — OC]? 
=V@+r—@e=r. 
This construction is also valid when the given arc AB is 


a semicircle (AB = 180°). Here the points A and B lie on 
the segment CD and the circles (A, r) and (B, r) touch the 
circle (O, a) at the points C and D, respectively. Because 
draftsman’s instruments (compasses) are imperfect, it is 
difficult to indicate the position of the points C and D 


and 


exactly. In this Is case (AB = = 180°) it is S necessary to bisect 
the: arc A,B, (45, Æ 180°) such that AA, 1 = BB, > 0 and 


AA, + A,B, + В.В = АВ. Obviously, the point bisecting 
the arc A,B, will also bisect the arc AB. 

As we have already pointed out, in the geometry of the 
compasses a straight line is regarded to be constructed as 
soon as any two of its points are defined. In the subsequent 
discussion (Problems 22, 23, 24, and others) we are going 
to construct one, two, and, in general, any number of 
points on the given straight line using compasses alone. This 
can be done in the following way. 

Problem 5. Construct one or several points on a straight 
line, defined by two points A and B. 

Given (AB). Construct X Є (AB), X, Є (АВ), .... 

Construction. We take an arbitrary point C outside the 
straight line AB (Fig. 6) and construct a point C, symmetric 
to C with respect to AB (Problem 1). We describe the circles 
(С, г) and (Су, г) of arbitrary radius г. At their intersection 
we obtain the required points X and X,, which lie on the 
straight line AB. Varying the radius r, it is possible to 
construct any number of points on the given straight line: 
X', Xj, etc. 
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Proof. The point C, is symmetric to the point C, therefore 
the straight line AB passes through the midpoint of the 
segment CC, at right angles. Therefore the straight line AB 





is a set of points equidistant from the points C and C,. By 
virtue of construction | CX | = |C,X | =r and | CX, | = 
= |C,X,| =r, hence, X € (AB) and}X, Е (AB). 

Probizm 6. Construct the intersection points of the circle 
(O, r) and the straight line given by two points A and B. 
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Given (O, г) and (AB). Construct (X; У} = (0, r) П 
П (AB). 

Construction when the centre O does not lie on the straight 
line AB* (Fig. 7). 

We construct the point O, symmetric to the centre O of 
the given circle with respect to the straight line AB (Prob- 


* With the help of compasses alone it is easy to check whether 
three given points lie on one straight line or not (see note to Prob- 
lem 1). | 
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lem 1). We describe the circle (O,, г) which intersects the 
given circle at the required points X and Y. 

Proof. It was shown in the previous problem that the 
points X and Y lie on the straight line AB. These points also 
belong to the given circle (O, г), hence, (X; У} = (0, г) П 
(AB). 

Construction when the centre O of the given circle lies on 
the straight line AB (Fig. 8). 

We describe the circle (A, d) of arbitrary radius d so that 
it intersects the given circle at two points C and D. We 
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halve the arcs CD of the given circle (O, r) (Problem 4). 
The points X and Y are the required ones. 

Note. Given two segments а and г, where a = | AO |, 
we describe the circle (O, r) and do the above construction 
again. As a result we obtain the sum and difference of the 
lengths of the given segments: 


[АХ |= 1401 + 10Х | = а +г and |AY|=|AO| 
— [0X |= а г. 


Problem 7. Construct the intersection point of two straight 
lines AB and CD, each of which is given by two points. 

(CD) (AB) and (CD). Construct the point X = (АВ) П 
П (CD). 

Construction. We construct points C, and D, symmetric to 
points C and D, respectively, about the given straight line 
AB (Fig. 9). We describe the circles (D,, | CC, |) and (С, 
| CD |) and denote the point of their intersection by E. We 
construct the segment z, which is the extreme term of the 
proportion |DE|/|DD,| = |CD|/z (Problem 3). At the inter- 
section of the circles (D, x) and (Dj, х) we get the required 
point X. 
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Proof. Since the point C, is symmetric to the point C 
and the point D, is symmetric to the point D, we obviously 
find the intersection point of the given straight lines if we 
construct the point of intersection of the straight lines CD 
and C,D,. 

The figure CC,D,E is a parallelogram, consequently, the 
points D, D, and Е lie on the same straight line (because 





Fig. 9 


(DE) || (СС!) and (DD) || (CC,)). The triangles CDE and 
XDD, are similar, therefore 


| DE \/| DD, | = | CE |/| D,X |, 
but 
[CE | = |CD | = | CD, |. 
The segment х = | Р.Х | is the extreme term of the 


proportion |DE|/|DD,| = |CD |/z. 

Note. The given straight lines AB and CD are parallel if 
and only if | CC, | — | DD, |, where the points C, and D, 
E symmetric to C and D, respectively, about the straight 

ine AB. 
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Now we can show the validity of the basic theorem of the 
geometry of compasses (the Mohr-Mascheroni theorem). 

Each problem on construction by compasses and a ruler 
in the Euclidean plane is always reducible to the solution of 
the following very simple basic problems arranged in the 
following order: 
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4. Draw a straight line through two given points. 

2. Describe a circle of a given radius with a given point 
as centre. 

3. Find the intersection points of two given circles. 

4. Find the intersection points of a given circle with a 
straight line given by two points. 

5. Find the intersection point of two straight lines, each 
of which is given by two points. 

In order to prove that any construction problem which 
can be solved with a ruler and compasses can also be solved 
by compasses alone, it is sufficient to show that all these 
basic operations can be carried out by compasses 
alone. 

The second and third operations can be done directly by 
compasses. The remaining basic operations were presented 
in Problems 5-7. 

Suppose that a certain construction problem, solvable by 
compasses and a ruler, has to be solved by compasses alone. 
Let us imagine this problem solved by a ruler and compasses. 
As a result, the solution is reduced to a certain sequence of 
the five basic operations. Having carried out each of these 
operations by compasses alone (Problems 5-7), we arrive at 
the solution of the original problem. 

The method of solving geometrical construction problems 
by compasses alone results, as a rule, in quite complicated 
and lengthy manipulations, being therefore inefficient. But 
from the theoretical point of view the method makes it 
possible to show the validity of the following basic theorem 
of the geometry of compasses. 

The basic theorem. All construction problems, solvable by 
compasses and a ruler, can be solved exactly by compasses 
alone. 


бес. 2. Solution of Geometrical Construction Problems 
by Compasses Only 


In this section we discuss the solution of interesting prob- 
lems in the geometry of compasses, which were mainly 
worked up by Mohr, Mascheroni, and Adler. The solutions 
of some of these problems will be used in Chapter 2. 

Problem 8. Draw a straight line perpendicular to a given 
segment AB and passing through one of its end points. 

Given [AB]. Construct (AE) 1 [AB]. 
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Construction (1st method). Keeping the opening of the 
compasses constant and equal to an arbitrary value r, we 
draw the circles (A, r) and (B, r) until they meet at the 
point O. (We take any of two intersection points of these 
circles). We describe the circle (O, r) and construct the 





point E on it, which is diametrically opposite to the point 
B (see Problem 2). The straight line AE is the required one 
(Fig. 10), i.e. (AE) L [AB]. 

The validity of the construction follows from the fact that 
the angle BAE is inscribed in the circle (O, r) and is sub- 
tended by its diameter. 

Construction (2nd method). We describe the circle (B, 
|AB|) (Fig. 11), take an arbitrary point C on it, and draw 
the circle (C, | AC |). Let D be the intersection point of 
these circles. If now a third circle (A, |AD|) is drawn 
which intersects the circle (C, | AC1) at the point E, then 
(AE) is perpendicular to [AB], i.e. (AE) is the required 
straight line. 

Proof. The segment AC joins the centres of the circles 
(A, |AD|) and (C, | AC|) while DE is their common chord. 


jos 
This means that (AC) is perpendicular to [DE] and CAD= 
Zo 
CAE (the triangle ADE is isosceles). 


ZO 77 — 
On the other hand, CAD=ADC=0.5 AC. 
It follows from the last equalities that 


CAE = = AC. 
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Therefore the straight line AE is the tangent to the circle 
(B, | AB |) at the point A, so that (AZ) is perpendicular to 
[AB]. 

Problem 9. Construct a segment n times smaller than a 
given segment AB (in other words divide a segment AB 
into п equal parts, п = 2, 3, ...). | АВ | =a. 

Given [AB] and n € М. Construct [AX], | AX | =+ |AB|. 


Construction (1st method). We construct the segment 
| АС | =n-|AB| (Problem 2). We describe the circle 





(C, | CA |) which intersects the circle (4, a) at the points 
D and D,. If now we describe the circles (D, а) and (D4, a) 
and denote the point of their intersection by X, then we 
obtain the required segment AX (Fig. 12). 

The point X lies on the straight line AB. Increasing the 
segment AX 2, 3, and so on, n — 1 times (Problem 2), we 
construct the points which divide the segment AB into n 
equal parts. 

Proof. From the similarity of the isosceles triangles ACD 
and ADX (the angle A is common) it follows that 


| AC |/| AD | = | AD |/| AX | 
or 

| AD |? = а? = | AC || AX | = па: | AX |. 
Hence 


1 1 


Note. For large values of n the point X is poorly defined 
because the arcs of the circles (D, a) and (Dj, a) intersect at 
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the point X at a very small angle*. In this case, to find 
the point X accurately, instead of the circle (Ру, а) we can 
draw the circle (A, | DE |), where E is the point diametri- 
cally opposite to the point D, of the circle (A, a). 
Construction (2nd method). We construct the segment 
| AC | = п: | AB | (Problem 2). Then we describe the circles 
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(A, | AC |), (C, | AC |), and (C, a) which intersect at the 
points D and Е. If we now describe the circles (D, a) and 
(C, | DE |), then at their intersection we obtain the point X 


for which | AX | -1 | AB | (Fig. 13). 
Proof. The point X lies on the straight line AB, since 


[AC] is parallel to [DE] and [XC] is parallel to [DE] (the 
figure CEDX is a parallelogram). From the similarity of 


the isosceles triangles ACD and AXD we get 
1 
|AX | = — |АВ|. 


Now we give one more method of construction suggested 
by A. 5. Smogorzhevskii [4]. This construction differs from 
the preceding constructions in that the required 1/nth part 
of the segment AB does not lie on the given segment. 

Construction (34 method). We construct | AC | = n-| AB | 
(Problem 2) and draw the circles (A, | AC |) and (В, | AC |). 
We take one of their intersection points D and draw the 
circle (D, | AB |) which intersects the circles at the points E 
and H. The segment EH is the required one (Fig. 14). 

Proof. 'The triangles ADE and BDH are congruent (three 


; N “~ 
sides are equal) consequently, ADB= EDH. From the 


* For the definition of the angle of intersection of two curves see 
Sec. 8, p. 67. 


22 





Fig. 14 


similarity of the isosceles triangles ADB and EDH it fol- 
lows that 


| EH \/| ED | = | AB \/| AD |, 
| EH | /а = alna. 


or 


Finally 
IEH| =+ a=— JAB]. 
We note that 
JEK] =a | АВ], 


IHK| = (2 — =) 1481. 

Problem 10. Construct a segment 2” times smaller than a 
given RM AB (divide a segment AB into 2" equal parts, 
n1, 2, 9; ..3). 

Given [AB] and n€N. Construct [BX,], |BX,| = 
= (1/27) | AB |, where | AB | =a. 

Construction (ist method). We construct the segment 
[АС | = 2]AB | (Problem 2). We draw the circle (C, 
| AC |) and denote by D, and D, the points where it inter- 
sects the circle (A, a). If now we draw the circles (Dı, 
| AD, |) and (Dj, | AD, |), at their intersection we obtain 
the point X,. The segment B X, is the required one (| BX, | = 
(1/2) | AB |) (Fig. 15). 
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Then we describe the circle (A, | BD, |) and obtain the 
points D, and D, where it intersects (C, | АС |). We draw 
the circles (Ds, | AD, |) and (D,, | AD, |) until they meet 
at the point Х,. The segment BX, is the required segment 
(| BX, | = 4/2) | AB). | 

If we further describe the circles (A, | ВР, |), (Da, | ADs |), 
and (D;, | AD; |), we get the point Х,. The segment BX, 
is the required segment (| ВХ; | = (1/25) | AB |) and so оп. 





Proof. From the similarity of the isosceles triangles ACD, 
and AD,X, it follows that 


| AD, V| AC | = | AX, |/| AD, | 


or 
а/2а = | АХ, |/a. 


Непсе 
1 1 


We introduce the notation | BD, | = mp, k = 1,2,3, ... 
.-, п. The segment BD, is the median of the triangle ACD,, 
consequently | 
4 | BD, Ê = 2 | АБ, 2 + 2 | CD, В — | АС |, 
or, in another way, 
4m? = 2а? + 2 | AC |? — | АС |? 
= 2a? + | AC |? = 2a? + 4a*. 


This means that 
mi = |BD,|? = 1+2 a= аз, 





From the similarity of the isosceles triangles ACD, and 
ADX, we get 


| AD, |/| AC | = | AX, ИАР, | 


and taking into account that | AD, | = |BD, | = m, and 
| AC | = 2a, we have 
3 1 
АХ. = 5-а or |BX,| = та = оғ |АВ|. 
Similarly we find 
mi-ltit? ge and |ВХ.| => [АВ|, 


and so on. In general 
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The point X, lies on the segment АВ. To divide the seg- 
ment AB into 2” equal parts, it is necessary to extend the 
segment BX, 2, 3, ..., 2" — 1 times (Problem 2). The 
constructed points divide the segment AB into 2" equal 
parts. 

Construction (2nd method). We construct the segment 
| AC | = 2| AB | (Problem 2). To this end on the circle 
(B, a) we construct the point C which is diametrically oppo- 
site to the point А (| АЕ | = | EH | = | HC | = a). We 
describe the circles (4, | AC |) and (C, | CE |) and denote 
the points of their intersection by D, and D, (Fig. 16). The 
required point X, is to be found at the intersection of the 
Marr Di (Di, 1 a |} and (Di, | CD, |). Obviously, | ВХ, | = 
= (1/2) | A 

We а the circle (С, | BD, |) which intersects the 
circle (A, | AC |) at the points D, and D,. Then, if we de- 
scribe the circles (Da, | CD, |) and (Dj, | CD, |), at their 
intersection we find the required point X.. The segment 
BX, is the required segment (| ВХ, | = (1/2?) | AB |). 

Similarly, describing the circles (C, | BD, |), (D3, ICD; |) 
and (D;, | CD; |) we construct the point X,. The segment 
BX, is the required segment (| BX, | = (1/23) | АВ |) and 
зо on. 


a? and ВХ = [АВ]. 
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Proof. From the similarity of the isosceles triangles ACD, 
and CD,X, we get 
| CX, V| CD, | = | CD, ИАС |. E 
Taking into account that | CD, | = | CE | = V 3a, we find 
| CX, | = 3a/2, which means that | BX, | = (1/2) | AB |. 





Let us denote | BD, | = mz, where k = 1, 2, 
The segment BD, is the median of the triangle. ACD, 


consequently 
4 | BD, |? = 4m? = 2| AD, P + 2 | CD, |? — | AC }? 
= 2 |4С |? + 2 | СЕ |? —|AC P? 
= 40? + 2.3a? 
ог 
= "E + 3) a? 
SER the EA of the triangles ACD, and АР,Х, 
we hav 


| CX, |/| CDa | = | CDa ИАС |. 
Noting that |С0, | = | ВБ, | = m, and | AC | = 
2|AB | — 2a, we get 
[ср] т 5 
СХ] = [AC] =u 734 
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It follows that 
|BX_| = gr [АВ]. 
In a completely similar way we will prove that 
m3 = |BD,|?=2 аз, СХ = 4 
and |BX,| =- |АВ|, 

etc. In general 

ma 4 = |BD, 4| = (4 + stat ee ud ser) a? 
and 

|BX,1 =p а= pe |ABI. 


If, using the first method of construction for large values 
of k (k <n) we can not clearly define the point X; (the 





Fig. 17 


arcs of the circles which define this point almost coincide), 
then it is possible to solve the problem as follows. 

Construction (3d method). We construct the segment 
| AC |= 2 | АВ | (Problem 2). We describe the circles 
(A, | AC |), (C, | AC |), and (C, a) which intersect at the 
points D, and Е, (Fig. 17). At the intersection of the circles 
(Di, | AD, |) and (Cı, | D,E, |) we obtain the point X, 
The segment BX, is the required segment (| BX, | = 
— (1/2) | AB |). 

Further, we construct [AD,] = [E,C] = [BD,] towards 
which we describe the circles (A, | BD, |) and (C, | BD, |). 
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We draw the circles (Da, | AD, |) and (С, | D; E, |) until 
they meet at the point X,. The segment BX, is the "required 
one (| ВХ, | = (1/2?) | АВ |) and so on. 

Proof. Let us set | BD, | = ть, where k = 1, 2, n. 
The point X, lies on the straight line AC, since [AC] is 
parallel to [D,E] (the figure AD,E,C is a "trapezoid) and 
[CX] is parallel to Р.Е, | (the figure X,D,E,C is a paralle- 
logram), this means that [X,C] is parallel to id Similarly, 
it can be established that the points X,, Xs, . . . lie on the 
straight line AC. 

The figure AD,E,C is an isosceles trapezoid (| AD, | = 
= |CE, |), threfore we can write | AM | = | MX, |,where 
[MD,]LIAC] and | X,C | = | DLE, |. It follows that 


| AD, | = |D,X, | = 14р; ] = [DX] = a. 
Similarly, it is easy to establish that 
| AD, | = Р.Х, | = | AD; | = | 3X4 | = m, 


ооо ооо оо ооо о ооо ое о оо о о о о е ео е 


| AD, | = | DàX, | = | AD, | = | DgXy | = ть. 


Now if we repeat word for word the proof corresponding to 
the first construction method of the given problem, we obtain 


1 
[BX,]=4|AB|, |BX,| =- 1481, 
4 
e) |BX,| = 5 [АВ], n 


Problem 11. Construct a segment 3" times as great as the 
segment AA, (n — 1, 2, .). 

Given [AAgl and n€ N. Construct [AA,], |44, | = 
= 9"| AA, |. 

Construction. We describe the circles (А, | AA, |) and 
(Ao, | AA, |) and denote by E and Е’ their intersection points 
(Fig. 18). We draw the circles (E, | AA, |) and (E', | AA, |) 
which will intersect the circle (Ao, | AA, |) at the points C 
and C'. Let the point A, be the point of" intersection of the 
circles (C, | AC |) and (C’, | AC’ |). The segment АД, is 
the required segment (| AA, | = 3 | AA, |). 

The constructions given above for the segment AA, may 
be applied to the segment АА}. As a result we find the seg- 
ment AA, such that | АА, | = 3? | AA, |, etc. 

Proof. In the equilateral triangle ACC’, | AC |= | AC’ |= 


= |CC’'|=V3 [АА Raace = (Y3/2) | AC | = 
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= (3/2) |АА,|. Obviously, |AA,| = 2haace = 
=3 |44, |. In a similar way we prove that | AA, | = 
= 32 | АА, |, etc. 

Problem 12. Divide the segment AB into three equal parts. 

Given [AB]. Construct [AX] = [XY] =YB], X € [AB] 
and Y €[ АВ]. 

Let us consider an elegant method of construction put 
forward by L. Mascheroni [9]. 

Construction. We construct the points C and D on the 
straight line AB so that | CA | = | AB | = | BD | (Prob- 





lem 2). We describe the circles (C, | CB |), (C, | CD |), 
(D, | AD |), and (D, | CD |), whose intersection points we 
denote by Е, E,, F, and Р, (Fig. 19). At the intersections of 
the circles (Е, | CE |) and (£,, | СЕ, |), as well as (Р, 
IDF |) and (F,, | DF, |) we find the required points X 
and У, which divide the segment AB into three equal parts. 

Proof. It follows from the similarity of the isosceles tri- 
angles CEX and CDE that 


| CX |Д СЕ | = |CE |/| DC |. 
Taking into account that | СЕ | = 2 | АВ | and | CD | = 
= 3 | АВ |, we obtain | CX | = (4/3) | AB |, therefore 
1 
|AX| = [АВ|. 


Problem 13. Construct the centre of a given circle. 

Construction. On the circumference of the given circle we 
take a point A and describe the circle (A, d) of an arbitrary 
radius d. At their intersection we obtain the points B and 
D. On the circumference of (A, d) we define the point C 
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diametrically opposite to B. We further draw the circles 
(C, | CD |) and (A, | CD |) and denote by Е the point of 
their intersection. Finally, we describe the circle (Е, 
| CD |), which intersects the circle (A, d) at the point M. 





Fig. 20 


The segment BM equals the radius of the initial circle, while 
the circles (B, | BM |) and (A, | BM |) define its centre 
(Fig. 20). 

Proof. The isosceles triangles ACE and AEM are congru- 


Z^ Z^ 
ent, therefore ЕАМ = ACE. 
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N LN AS 
On the one hand, BAE = ACE + AEC (ZBAE is an 
exterior angle of the triangle ACE) and, on the other hand, 


PS Z^ Pas PN Pas 
BAE = BAM + EAM. Hence BAM = AEC. 
Thus, the isosceles triangles ABM and ACE are similar, 


therefore 
| BM |Д АВ | = | АС |/|CE | 


| BX |/| AB | = | AC |/|CD |. 


It follows from the latter that the isosceles triangles ABX 
and ACD are similar, which means that 


or 


PS. 4 EN EN 
ВАХ = ACD— = BAD = РАХ; 
the latter two equalities follow from the fact that 
Poe AS Z/N Ys И“, 
BAD = ADC + ACD=2ACD= 2BAX. 
On the basis of the equality of the angles BAX and DAX 


we conclude that the isosceles triangles ABX and ADX 
are congruent, therefore 
І ВХ |= [АХ | = |рХ |. 

The point Х is the required centre of the circle. 

Note. It is easy to show that the segment d = | AB | 
should be greater than half the radius of the given circle, 
otherwise the circles (C, | CD |) and (A, | CD |) do not in- 
tersect. 

In conclusion to this chapter we give without proof the 
solution of the following Mascheroni problem [9]. 

Problem 14. Construct the segment iVn as great as the 
segment AB, where | АВ | = 1, n = 1,2, ..., 25. 

Given [ AB ]. Construct ЗУ й | AB |, n = 1, 2, . . ., 25. 

Construction. We describe the circle (4, | AB |) and mark 
the point B on it. We construct the point E diametrically op- 
posite to B (| BC | = | CD | = | DE | = 1). We describe 
the circles (B, | BD |) and (E, | EC |) and let F and F, be 
their intersection points. We describe the circles (B, | AF |) 
and (E, | AF |) which intersect the circle (A, | AB |) at the 
points H and Ay, the circle (B, | BD |) at the points N and 
Nj, and the circle (E, | EC |) at the points M and M,. We 
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describe the circles (E, | AE |) and (В, | AB |) and mark the 
points P and P,, Q and Q, where they intersect the circles 
(В, | AF |) and (Е, | AF |), respectively (Fig. 21). The cir- 
cles (P, | BP |) and (P, | BP, |) intersect each other at the 
point R and the circle (A, | AB |) at the points S and 5:1. 
Exactly in the same way the circles (Q, | EQ |) and (Qi, 
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| EQ, |) intersect each other at the point 7 and the circle 
(A, | AB |) at the points O and O,. We draw the circles (R, 
| AB |), and (F,, | AB |) and denote the points where they 
intersect the circle (A, | АВ |), by Г, L4, and С. Now we 
describe the circles (0, | AO |) and (O,, | AO, |) which in- 
tersect at the point K. Finally, we draw the circles (K, 
| АВ |) and (T, | AB |) and markfthe points J and J, of 
their intersection. Then 


I4B| =—-V4, |HT|= 4V5, IAM| — 4 V6, 
1 я 1 = 4 £ 
00|==У7, 1421=-- 08, IBRI- 5 V9, 


eem 1 eum. 
IBLI=5V10, |PS|—- Vii, ]JBD|- 5 УТ, 
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|HK|=+-V13, 1881-0714, ILL — 4- V 15, 
ІВЕ|= V16, |FK|- VV |KN|— VE, 
IKD| -3V19, = УЗ, ILDI- 5- V1, 
[KS|=+ V 32, |MM, — 1-V33, |MN,|=+V Z, 
КЕ! =4 V 25 = 3- V 25 | ABI. 

Sec. 3. Inversion and Its Principal Properties 


At the end of the 19th century A. Adler applied the prin- 
ciple of inversion to the theory of geometrical constructions 





Fig. 22 
by compasses alone. With ihe help of this principle he estab- 
lished a general method of solving construction problems in 
the geometry of compasses. 

In this section we give the definition of inversion and dwell 
briefly on its principal properties, which are used in our 
future discussions. 

Let a circle (O, r) and a point P other than O be given in 
the plane of drawing (Fig. 22)*. 

On the ray OP we take a point P’ so that the product of 
the segments OP and OP’ be equal to the square of the radi- 
us of the given circle, i.e. 


| ОР |-| OP’ | =r’. (1) 
Such point Р’ is called the inverse of the point Р with 
respect to the circle (O, r). The circle (O, r) is called the 


* Let us agree to put the radius r of the circle at the break of its 
arc (see Fig. 22). 
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circle of inversion, its centre О is the centre of inversion, and 
the quantity r? is the power of inversion. 

If the point P’ is inverse of the point P, then, obviously, 
the point P is inverse of the point P’. 

The correspondence between inverse points or, in other 
words, the transformation is called inversion* if each point P 
of some figure corresponds to the inverse point P’. 

From the definition of inversion it follows that for each 

point P in the plane there is always unique point P’ in the 
same plane, and if | OP | > г, then | OP’ | < г. The excep- 
tion is the centre of inversion О. No point in the plane can 
be inverse of O, which follows immediately from equality 
1)**. 
Let (AP) and (A,P) be tangents to the circle of inversion 
(O, r) drawn from the point P outside the circle (Fig. 22). 
Then the intersection point P' of the straight lines AA, and 
OP is the inverse of the point P. Indeed, in the right-angled 
triangle OAP (AP' is the height) 


| ОР |-|OP’|=|0A |? = г. 


Let the point P move along some curve /, then its inverse 
point P’ will also describe some curve Г. The curves l and 
Г are called mutually inverse. 

Lemma. If the points P' and Q' are the inverse of the 
points P and Q with respect to the circle (O, r), then 


ZOP'Q' = ZOQP and 7 0Q'P'z 7 ОРО. 


Proof. From the equalities | ОР |-|OP' | = |OQ | x 
|0Q’ | =r? or | OP |/| OQ | = | OQ' |/ JOP' | it follows 
that the triangles OQ'P' and OQP are similar (Fig. 23). 
This proves the lemma. 

From the definition of inversion three theorems immediate- 
ly follow. 


* Let us put [OA| = г = 1, | OP | = R, and | OP'| = В’, 
equality (1) in this case can be written as А = 1/R’, i.e. the distances 
of the inverse points P and P' from the centre of inversion O are reci- 
procal numbers. Inversion (Latin inversio) literally means turning over, 
changing places. Inversion can also be named the reciprocal radii trans- 
formation. 

** In the theory of conformal mappings the centre O is associated 
with an ‘infinitely distant point’ in the plane because |OP | — оо 
when | OP'| — 0. In general, inversion transforms the points lying 
in the circle (O, r) into the points lying outside the circle, and vice 
versa. 
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Theorem 1. Jf two curves intersect at the point P, then the 
curves inverse of them intersect at the point Р’ which is the 
inverse of the point P. 

Theorem 2. A straight line passing through the centre of in- 
version O is inverse to itself. 

Theorem 3. The curve which is inverse to a given straight 
line AB, not passing through the centre of inversion, is 


ow 


——-——-о 
^u 


N 


hs 


> 
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the circle (O, | OO, |), which passes through the centre of 
inversion О, (ОО) being always perpendicular to (AB). 

Proof. Let Q be the foot of the perpendicular dropped from 
the centre of inversion O to the given straight line. Let us 
denote by Q' the point inverse of Q. We take an arbitrary 
point P on the given straight line and denote the point in- 
verse of it by P’ (Fig. 24). 

On the basis of the lemma we can write 


ZN JN 
OP'Q' = ООР = 90°. 

Consequently, when the point P moves along the straight 
line AB, the inverse P’ describes a circle with the segment 
OQ’ as its diameter. 

Since the circle (O,, | OO, |) and the given straight line 
AB are mutually inverse, the converse proposition also 
holds, namely, the circle passing through the centre of in- 
version is the inverse of the straight line. 

Theorem 4. The curve which is inverse to the given circle 
(O,, В), not passing through the centre of inversion, is also а 
circle. Here the centre of inversion is the centre of similitude of 
these circles. 
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Proof. Let the line OO, joining the centres of the circle of 
inversion (0, г) and the given circle (O,, В) intersects the lat- 
ter at the points A and B. Let us denote by A’ andB’ the in- 
verses of the points A and B. Let us take an arbitrary point 
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P on the circle (O,, В) and denote the inverse of it by P’ 
(Fig. 25). Applying the lemma, we obtain 


ZOA'P’ = ZOPA and / ОВ'Р' = / OPB, 


whence 


ZUM OM их YS 
OB'P' —OA'P’ =OPB— OPA. 


In the triangles A’P’B’ and APB 


PON ge, JN LN /N 
AP'B’ = OB'P'—OA'P’ and APB=OPB—OPA=90°. 
Taking into account the preceding equation, we get 


gees. N 
A'P'B' = APB = 90°. 

Now let the point P move along the given circle (04, R), 
then the inverse of it, Р’, describes the circle (Og, | OP” |), 
which has the segment A'B' as its diameter. The theorem 
has been proved. 

If QQ’ and ТТ’ are the common outside tangents of the 
given circle (O,, В) and the circle (O, | О.Р” |) inverse of it, 
then the points of tangency О, Q' and T, T’ are always mu- 
tually inverse. The perpendicular at the point Q' to the 
tangent QQ' intersects the line of centres OO, at the point 
О з, which is the centre of the circle inverse to the given one, 
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From the right triangles OO,Q and OO,Q' we can write 
100;| 10091 у 
1001 100'1 3 
where k is the homothetic ratio of the circles (Os, | OP” |) 
and (O,, В). Hence, 


H$ (~ Q'B'T') =~ QAT and H$ (—Q'A'T^) =~ ОВТ, 


where HÀ is the homothetic (similitude) transformation 
with the homothetic centre O and the ratio k. 

It should be noted that ——Q'B'T' is inverse of ОВТ and 
—Q'A'T' is inverse of ~ QAT. 





Sec. 4. The Application of the Inversion Method to the 
Geometry of Compasses 


The application of the inversion method to the solution 
of geometrical construction problems by means of compasses 





alone yields a general approach to the solution of construc- 
tion problems in the geometry of compasses. 

The constructions of Mohr and Mascheroni, although ex- 
tremely elegant, nevertheless are in most cases performed 
by such artificial means that the question arises how they 
could find them. 

Problem 15. Construct a point X inverse of the given point 
C with respect to the circle of inversion (O, r). 

Given (O, г) and the point C. Construct X €[OC), 
| OX |-| OC | =r’. 

Construction in the case of | ОС | >> r/2 (Fig. 26). We 
draw the circle (C, | OC |) and denote by D and D, the points 
where it intersects the circle of inversion (O, r). If now the 
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circles (D, | OD |) and (D,, | OD, |) are drawn, at the in- 
tersection we obtain the required point X. 
Proof. From the similarity of the isosceles triangles CDO 
and DOX we find 
| OC |/| OD | = |OD |/| OX |, 
or 
| OC |-|OxX | = 10р |? = r. 

Note. It is easy to see that the construction coincides with 
that given in Problem 9 (13% method) if the point С is con- 
sidered to be given instead of constructing the segment 
| АС | = р | АВ |. Solving Problem 15, we may also em- 
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ploy the note to the first method of solution to Problem 9. 
It is obvious that here we can also use the second method of 
solving Problem 9 (in this case the segment | AC | = 
= n | AB | should not be constructed too). 

Construction in the case of | OC | <r/2 (Fig. 27). The 
circle (C, | OC |) will not intersect the circle of inversion, 
therefore we construct the segment |OC,|-n]|OC |, 
taking a natural number n such that | OC, | — r/2 (Prob- 
lem 2). We find the point C; inverse of the point C, (1st 
method of construction) and construct the segment | OX | — 
= n |OC, |. The point X is inverse of the given point C. 

Proof. Substituting |OC,| —n|OC | and |0С, | = 
= | ОХ |/n in the equation | OC, |-| OC, | = r?, we obtain 


[0С,1-10С;| =n Joc 101 ioci. ЮХ| = re. 
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Note. The construction given above is possible if the point 
'C is not the centre of inversion. 

Problem 16. Given the circle of inversion (O, r) and the 
‘straight line AB which does not pass through the centre of 
inversion. Construct the circle which is the inverse of the 
given straight line. 

Given (О, г) and (AB) (O does not belong to (AB)). Con- 
struct (O;, | OO; |) inverse of (АВ). 

Construction. We construct O, symmetric to the centre of 
inversion O with respect to the straight line AB (Prob- 
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lem 1). We find the point Oi, inverse of the point O, (Prob- 
lem 15). The circle (Oʻ, ГОО! |) is inverse of the given 
straight line AB (Fig. 28). 


Proof. Let C and C’ i the intersection points of the 
straight line OO, with the given straight line AB and the 
circle (Oj, | OO, |), respectively. 

From the given construction it follows that 

100, |-| 00; | = r°, |00, | = 2 10C |, 
| OC’ | = 2100; |, (0С) 1 (AB). 
Hence 
el "1p 
[00,|-|00;| =2 |OC|- —;— = |OC|- |OC' | =r. 


By virtue of Theorem 3 the circle (Oj, | OO; |) is the in- 
verse of the straight line AB. 

Note. If a straight line passes through the centre of inver- 
sion, then it is inverse to itself (Theorem 2). 
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Fig. 30 


Problem 17. Construct the straight line AB which is the 
inverse of the given circle (O,, В) passing through the centre 
of inversion O. 

Construction. If the given circle intersects the circle of in- 
version at the points A and B, then the straight line AB 
is the inverse of this circle. Otherwise,we take the points A, 
and B, on the given circle (Fig. 29) and construct their in- 
verses (Problem 15). The straight line AB is the inverse of 
the given circle (O,, В). 

By varying the position of the points A, and B, on the 
given circle (or using Problem 5), it is possible to construct 
as many points of this straight line as required. 

The validity of the construction follows from Theorem 3. 

Problem 18. The circle (O,, В) does not pass through the 
centre of inversion O. Construct the circle which is the in- 
verse of given one. 

Construction. We take the circle (0,, В) as the circle of in- 
version and construct the point О’ inverse of the point О 
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(Problem 15). Then we construct the point О, inverse of the 
point O’ with respect to the circle of inversion (O, r). The 
point O, is the centre of the required circle (Fig. 30). 

We take any arbitrary point A on the circle (O,, А) and 
find the point A’ inverse of it. The circle (02, | O5A' |) is 
inverse of the given circle (O,, В). 

Proof. Let PP' be the common outside tangent to the cir- 
y d and (Oz, | O;A' |) and let (PO’) be perpendicular 
to 1J- 

From the similarity of the right-angled triangles OPO’ 
and OP'O,, we can write 


| OO, ПОР” | = | OP |/| OO’ | 
or, in other words, 
| OO, |-| 00" | = | OP |-|OP' | = r°, 
since the points P and P’ are mutually inverse. It follows 
from the last equation that the points O, and O’ are inverse 
with respect to the circle of inversion (О, г). 


In the right-angled triangle OO,P the segment O'P is the 
height, therefore, 

10,0 |- 10,0 | = | О.Р |? = R. 

Thus, the point O' is the inverse of the point O with res- 
pect to the circle (O,, В) if the latter is tuken as the circle of 
inversion. 

The point O is given. When constructing, the point O' 
was found first, followed by the point O,, which is the centre 
of the required circle. 

Note. Employing more complex calculations, we can prove 
that the given construction remains valid when the centre of 
inversion O is inside the given circle (O,, R)*. 


ж ж ж 


It was shown in Problems 15-18 how to construct figures 
which are the inverse of a point, a straight line, and a circle, 
using compasses alone. Now we can consider a general meth- 
od of solving geometrical construction problems with com- 
passes alone. 

Each construction carried out by compasses and a ruler 
gives in the plane of the drawing a figure Ф consisting of 


* The proof is given in Appendix 2, 
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: : ines, and separate points. The figure Ф’ 
od of и: to the circle (О, г), which is taken 
as the circle of inversion, whose centre О is lying neither on 
straight lines nor on circles of the figure Ф, consists only 
of points and circles. Using Problems 15-18 we see that each 
of these points and straight lines can be constructed by 
compasses alone. 

Now let us assume that we are confronted with a construc- 
tion problem solvable by a ruler and compasses having only 
compasses at our disposal. 

Let us imagine that this problem has been solved by com- 
passes and a ruler and аз a result a certain figure Ф has been 
obtained which consists of points, straight lines, and circles. 
We will construct this figure by drawing a finite number of 
straight lines and circles in a definite order. 

We take the most suitable circle of inversion (O, r) and 
construct the figure Ф’ which is the inverse of the figure Ф 
(Problems 15-18). The figure Ф’ consists only of points and 
circles provided, of course, the circle of inversion has been 
chosen such that its centre lies neither on straight lines nor 
on circles of the figure Ф. 

‘If now we construct the inverse of the figure which is 
taken as the result in the figure ©’, then we arrive at the re- 
quired result. We note here that we should carry out the 
construction of the figure Ф’ in the same order that we used 
while constructing the figure ® by compasses and a ru- 
ler. 

By means of the method described above it is possible to 
solve by compasses alone each construction problem solvable 
by compasses and a ruler. Thus the basic result obtained by 
Mohr-Mascheroni has been proved once again with the help 
of the method of inversion. 

The five simplest problems mentioned at the end of Sec. 1 
can also be solved by the general method. 

We take the solution of Problem 7 as an illustration of the 
general method of solving construction problems by compas- 
ses alone: construct the intersection point of two straight 
lines AB and CD, each of which is given by two points. 

We take an arbitrary circle (O, r) with the centre O not 
lying on the given straight lines and regard it as the circle 
of inversion. We construct the circles which are the inverses 
of the given straight lines and mark the point of intersection, 
X' (Problem 16). We construct the point X inverse of the 
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point X’ (Problem 15). The point X is the required inter- 
section point of the given straight lines AB and CD. 

Here the figure Ф consists of two straight lines AB and 
CD (more exactly, it consists of four given points A, B, C, 
and D, through which we mentally draw the given lines). 
The figure Ф’ consists of two circles, inverses of the straight 
lines AB and CD. The image taken as the result in the figure 
Ф’ will be the point X’. The point X inverse of the point 
X' is the required result, that is, the intersection point of 
the given straight lines. 

Exactly in the same way it is possible to solve Problem 6 
(the fourth simplest problem): to construct the points of 





Fig. 31 


intersection of a straight line and a circle. If the straight 
line does not pass through the centre of the circle, then the 
circle should be regarded as the circle of inversion. Then 
the solution of the problem will be considerably simplified. 

The validity of these constructions follows immediately 
from Theorem 1. 

Problem 19. Find the centre of a given circle. 

Construction. We take a point O on the given circle and 
describe a circle (O, r) of an arbitrary radius r which inter- 
sects the given circle at the points A and B. We take the 
circle (O, r) as the circle of inversion and construct the centre 
of the circle which is the inverse of the straight line AB 
(Problem 16). To carry out the latter construction, we draw 
the circles (A, | OA |) and (В, | OB |) until they meet at 
the point O,. We describe the circle (O,, | OO, |) and mark 
the points D and D, where it intersects the circle of inver- 
sion. The circles (D, | OD |) and (D,, | OD, |) define the 
required centre of the original circle (Fig. 31). 
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Proof. The points A and B are inverses of each other, since 
they lie on the circle of inversion. Thus, the given circle and 
the straight line AB are mutually inverse figures. 

In Problem 16 it is shown that the point О; is the required 
centre of the given circle, which in this case 1s the inverse of 
the straight line AB. 

We should like to draw the reader's attention to the simp- 
licity and elegance of the solution of the last problem. In 
order to find the centre of the circle, six circles have been 
drawn*. This construction is simpler and more exact than 
the usual construction with a ruler and compasses. 

This and also certain of the problems in the geometry of 
compasses as, for example, Problems 3 and 8 (2nd method) 
can be given to senior pupils to practice geometry. For 
this reason, we give the proof of Problem 19 which is not 
based on the principle of inversion. 

Proof. The straight line OO, is perpendicular to the chord 
AB of the circle and passes through its midpoint, therefore 
the required centre must lie on the straight line OO,. Let E 
and F be the intersection points of the straight line OO, 
with the given circle and with the circle (O,, | OO, |), re- 
spectively. The segment OE is the diameter of the given 
circle. 

Examining the right-angled triangles OAE and ODF in 
which AH and DK are the heights, respectively, we find 


|OA P = |0Е |-|OH | ава |OD |? = |OF |:| OK |. 
Taking ínto account that 
[OD|=|OA|=r, |OF|=2|00,|, 
4 1 , 
JOH| = 3- 100,1, and 10к|=--100;1, 


we obtain 
[OE |-| OH | = | OF |-| OK | 





or 
00 001 
|oE| 12h — 2 100, | Jo 
Hence 
, ОЕ 
100,1 = 5 . 


* Provided, of course, that the radius r is taken greater than half 
the. radius of the given circle. Otherwise, there will be more cireles 
(see the solution to Problem 15, the second case). 
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Problem 20. Circumscribe a circle round a given triangle 
ABC. 

Construction. We describe the circle (A, | AB |) and take 
it as the circle of inversion. We construct the point C’ the 
inverse of the point C (Problem 15) and then the circle (X, 
| AX |), which is the inverse of the straight line BC’ (Prob- 





Fig. 32 


lem 16). The circle (X, | AX |) is the required circle, cir- 
cumscribed about the triangle ABC (Fig. 32). 

Proof. The point B is its own inverse since it lies on the 
circle of inversion (A, | AB |). The point C’ is the inverse 
of the point C by construction. Consequently, the circle 
passing through the given points A, B, and C is the inverse 
of the straight line BC’. And, as was shown in Problem 16, 
the point X is the centre of the required circle*. 

Note. Now we give the following method of solving Prob- 
lem 18. We take arbitrary points A, B, and C on the given 
circle (O,, В) and construct their inverse А’, В’, and С’. 
The circle circumscribed about the triangle A’B’C’ is the 
required circle, inverse of the given one. 


* In Problem 16 we constructed the centre of a circle, which was in- 
verse of a given straight line. This construction was used in solving 
Problems 19 and 20. 


cOMETRICAL CONSTRUCTIONS 
BY СВЕ ONLY UNDER CONSTRAINTS 


In Chapter 1 we investigated constructions by compasses 
alone which we can now call the classical geometry of com- 
passes. 

By the theory of geometrical constructions by compasses 
alone, we mean the free use of the compasses. In other words, 
no constraints are put on the angle made by the compasses 
legs when it is possible to draw circles whose radii as large 
or as small as we please. 

It is well known, however, that in practice it is possible 
to describe circles whose radii are no larger than Rmax 
and no smaller than Rmin. The length Rmax corresponds to 
the maximum and Rmin to the minimum opening of the legs 
of the given compasses. If we denote by r the radius of a 
circle which can be described with these compasses, the fol- 
lowing inequality 


Rain < r < Вах 


always holds. 

We say that in this case the opening of the legs of the 
compasses is bounded from below by the segment Rmin and 
from above by the segment R шах. 

In this chapter we consider geometrical constructions by 
compasses alone when certain constraints are imposed on 
the opening of the legs. 


Sec. 5. Constructions by Compasses Only When 
the Opening of the Legs Is Bounded from Above 


In this section we use compasses the opening of whose legs 
is bounded only from above by a certain preassigned value 
Rmax. With such compasses it is possible to describe circles 
whose radii do not exceed this segment. For the sake of 
brevity, in what follows, we write R instead of Rmax. If we 
denote by г the radius of a circle which can be drawn by the 
given compasses, then always 


О<г= А. 
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Problem 21. Construct a segment 2” times smaller than a 
given segment AB (divide a segment AB into 2,4, 8, ..., 
2^ equal parts). 

Construction. It is easy to verify that for the case | AB | < 


* 
< i it is possible to use the construction given in Prob- 


lem 10; the radius of the greatest circle in that construction 
is equal to | АС | = 2| AB | x; R**. 

When | AB |< 2R we describe the circles (A, г) and 
(B, r) of an arbitrary radius r and denote by C and D the 
points of intersection. Varying the size of r, it is always 
possible to get | CD | xz R/2. Now we bisect the segment 
CD (Problem 10) and obtain the point X,. The point X, 
obviously bisects the given segment AB. 

Exactly in the same way we construct the point X, which 
bisects thesegment A X,. The segment | AX,| = (1/4) | AB |< 
< R/2. The construction of points X,, Xg, ..., Хп can 
be reduced to solving Problem 10. 


If we increase | AX gn | = 128 | 2^ times (Problem 2), 


we divide the segment AB into 2” equal parts. 
The construction for the case | AB | > 2R will be given 
in Problem 24. 





* To compare two given segments AB and CD we describe the 
circle (А, [Ср |). If the point B lies (a) inside this circle, then | AB | < 
<|CD|, (b) on the circumference, then | AB | = | CD |, and (c) 
outside the circle, then | АВ | > | CD |. 

To verify the inequality |AB| < R/2 or the inequality 2 | AB | < 
< R, we must draw the circle (A, R). If the point B lies on the circum- 
ference (A, В) or outside it, then 2 | АВ | > | AB | > В; if the point 
B lies inside the circle, then | AB | < В and therefore the segment 
2 | АВ | can be constructed (Problem 2) and compared with the seg- 
ment R in the manner shown above. 

** [n the first method of construction in Problem 10 it is necessa- 
ry to check whether ] AD, ] < В for all n = 1, 2, 8, . 


4-4 1 
lim |AD4,|?— lim ( 13-—d-547- ... ty] а? 
|ADy| m ( 2 17 2n ) 


п-» оо 
= (ен d Ee s) а? 


а? 
=— = 2a? = 2 ABI, 


doom 


2 





| AD, | <V? |AB| < А. 
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Problem 22. (The first basic operation). Construct one or 
several points on the straight line given by two points A 
and B*. 

Construction. The case when | AB | < 2R is reduced to 
Problem 5. 

Let | AB | >28. We describe the circles (B, В) and 
(A, r), where r is an arbitrary segment smaller than or equal 
to R. We take a point C on the circumference of the circle 





(A, r) such that it should lie "approximately" on the seg- 
ment AB (i.e. such that the angle CAB be as small as pos- 
sible) and construct the segment | AD | = m | AC | (Prob- 
lem 2, | AC | =r xz А). We select the natural number m 
so that the point D falls within the circle (В, R)**. Varying 
the position of the point C on the arc (A, r) and, if necessary, 
varying the size of r, it is always possible to get the point D 
to lie inside the circle (B, R). At the same time we construct 
the segments |AC| = ... = |HD| = |AD | т 
(Fig. 33). Let us take a natural number n such that 2”-1 < 
т < 2". We construct the segment | DK | = (1/27) x 
| BD | (Problem 21, here | BD |< 2R). We divide the 
segment DH into 2" equal parts (Problem 21, | DH | = 


* As we have already noted, we cannot draw a continuous straight 
line by compasses alone, still less by compasses the opening of whose 
legs is bounded. However we are able to construct any number of 
points of this straight line. 

** The point D need not lie inside the circle (B, R); it is important 
that | BD | — 2R. The point should lie in the circle (В, 2R) but we 
cannot describe such a circle by the given compasses. 


48 


г< ЕВ) and take a segment | DE | = (m/2") | DH | (in 
Fig. 33 т = 3, 233 <3 < 2, n = 2, |DE | = È | DH }). 

We construct a parallelogram HEKM, for which purpose 
it is necessary to draw the circles (H, | EK |) and (K, 
| EH |). (If at the intersection of these circles the point .M 
is not clearly defined, then in order to construct the point M, 
we should draw the circle (E, | EK |) and mark off on it the 
chords | KP | = | PT | equal to the radius | EK |. At the 
intersection of the circles (H, | EK |) and (P, | TH |) we 
get the point M.) | 

Finally, if we draw the circles (4, | НМ |) and (С, 
| DM |), they intersect at the required point X, lying on 
the straight line AB. 

Further construction of the points which belong to the 
given straight line AB reduces to Problem 5 (| AX | « 2R). 

Proof. From the construction we have 








IBD| от IAD] _ mi4C| | on 
IDK] —2" and IDEF m a n z2", 
on li | 


Thus the triangles ADB and EDK are similar (the angle 
ADB is common). Hence, 


ZDEK = / РАВ and [EK] || (АВ). 


Since [HM] is parallel to [ЕК] (the figure HEKM is a paral- 
lelogram), we have 
[HM] || (AB). 


From the congruence of the triangles ACX and DHM it 
follows that [AX] is parallel to [HM], i.e. the point X 
lies on the straight line AB. 

The radii of all the circles drawn in this construction do 
not exceed the segment R. 

Note. If m = 2", i.e. m takes one of the values 2, 4, 8, 
16, ..., the construction of this problem is considerably 
simplified. In this case the point E coincides with the point H 
and the point M coincides with the point K. In this case 
there is no need to divide the segment DH into 2" equal 
parts and to construct the parallelogram EKMH. 

Thus, while varying the size of r, we should always make 
a that the number m takes one of the values 2, 4, 8, 

буе» 
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Problem 23. Lay off a segment from the point C parallel 
and equal to a given segment AB. 

Construction. If the point C does not lie on the straight 
line AB, the problem is reduced to the construction of the 


parallelogram ABDC (AB M CD) or ABCD’ (ABt{CD’)*. 
Let | AB | xz R and | AC | < А. Suppose that the point 
C does not lie on the straight line AB. We describe the cir- 


20----524р 
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Fig. 34 


cles (C, | AB |) and (В, | AC |) and mark the point of their 
intersection D. Then CD is the required segment and ABDC 
is a parallelogram. 

If it is necessary to lay off the segment from the point C 


—- 
in the opposite direction (AB ^ CD), then we have to draw 
the circle (A, | BC |) instead of (В, | AC |). In case of 
| BC | 2 R we cannot describe the circle (A, | BC |) by the 
given compasses. We can obtain the required point, however, 
if we construct on the circumference of the circle (C, | AB |) 
the point D', diametrically opposite to D. The figure ABCD’ 
is the required parallelogram. 

Now let | AC | > А and | BC |> А (Fig. 34). We take 
an arbitrary set of points A,, As, . . ., Аһ from the point A 
towards the point C, provided that | АА, | < А, | 4,4, | < 
<R,..., [4С | < В, and construct the parallelograms 
ABB,A,, A,B,B.As, e.. A & 4B 4 4D44A,. Then we con- 
struct the parallelogram A,B,DC (or A&B&CD'). The seg- 
ment CD is the required one. If the point A; happens to lie 
on the straight line A; ,B; ,, then it will be necessary to 
take some other point instead of A;. 

This construction also holds when the point C lies on the 
straight line AB. 


* See Appendix 1. 
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Now let us consider the case | AB | > R. Making use of 
the solution of Problem 22, we construct points X,, Xa, .. ., 
X, on the segment AB on condition that |AX,|<R, 
1Х.Х2 IKR, e. | X,B | А. 

We then construct parallelograms A X,D4,C , Х,Х,р,Р,,..., 
Xn-1XnDnDn-1) XnBDD,. The segment CD is the 
required one. 

Problem 24. Construct a segment 2" times smaller than a 
given segment AB when | AB | Z2 2R (divide a segment 
into 2" equal parts). 

Construction. On the given segment AB we find a point C 
such that | AC | xz R (Problem 22). We construct the seg- 
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ment | Ар | =m | АС | (Problem 2) taking the natural 
number m such that | AD | < | АВ | and | DB |< R. To 
this end we lay off the segment AC two, three, etc. times 
until we approach the point B. If, at the end, the number m 
turns out to be odd, then we construct the additional seg- 
ment |DD,|=|AC |. Thus | AD, | = (m+ 1) | AC |, 
|AB | < | AD, | and | BD, |< R (in Fig. 35, m = 6). 

We bisect the segment BD (ог BD) at the point К (Prob- 
lem 21, | BD |< R). 

We denote the midpoint of the segment AD (or AD,) by E 
and lay off the segment EZ X,, equal and parallel to the seg- 
ment DK (Problem 23) such that | АХ, | = | AE | + 
|DK| (or |AX,|1— IAE | —|] DK |, if the point Е 
is the middle of the segment AD). To achieve that, we take 
the points О, Qı, . . . and construct parallelograms QD KG, 
МОСМ, Q,MNG,, and so оп“. 

The point X, bisects the given segment AB. 

After that, we bisect the segment A X, and obtain a quar- 
ter of the segment AB, etc. If it happens that | AX, |< 
< 2H, we use the construction indicated in Problem 21, 
otherwise we carry out the construction similar to the above. 


* The point X, is considered to be constructed if | АХ, | = 
| AE | + | DK | (see Note to Problem 6). 
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Problem 25. Construct a segment n times greater than the 
given segment AB in case of | AB | >> Д. 

Construction. On the given straight line AB we find a 
point С such that | AC |< R (Problem 22). We construct 
the segment | AD | = m | AC | (Problem 2, | AC |< А), 
selecting a number m in such a way that | AD | xz: | ABI 





Fig. 36 


and 0< | DB | < А. To this end it is necessary to lay off 
the segment AC two, three, etc. times, until we reach the 
point B (Fig. 36). 

We construct the segment | DE | = n | DB | (Problem 2, 

> > 

| DB | < В) so that AD {РЕ (see Appendix 1), and then 
the segment | AF | = (n —1)m| AC | with AF 4| AB. 
The segment | FE | =п | АВ | is the required one (in 
Fig. 36 m — 3, n — 2). 

Proof. 


|FE|=|FA|+|AD|+ | DE | 
= (n—1)m|AC |--m|AC | -n|DB | 
= nm | AC | + n DB | = n (m |4C | + DB |) 
=n(|AD|+|DB|)=n| AB |. 


Note. In order to construct the segment | AM | = n |AB|, 
it is necessary to construct! the segment | EM | — 
(п — 1) т | АС | instead of the segment AF so that 


> > 
EM № AB. Then we obtain | AM | = п | АВ |, i.e. the 
given and the constructed segments have the same end. 

Problem 26. (The second basic operation). Describe a 
circle of a given radius | AB | with a given point O as centre. 

Construction. If | АВ |< В, then the circle can be described 
directly by means of the given compasses with a boun- 
ded opening. But if | АВ | > В, then we cannot draw a 
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circle in the form of a continuous curve using the given 
compasses. However, in this case, any number of points can 
pe constructed as close together as desired on the required 
circle, whose centre and radius are given (Fig. 37). 

We construct the segment a = | AB |/2% (Problems 21 
and 24), taking the number n such that а < А. We describe 





Fig. 37 


the circle (O, a), take an arbitrary point X, on it, and con- 
struct the segment |OX | = 2"|OX,| (Problem 2, 
|OX,| =a < В). The point X lies on the circle (0, 
| AB ]). 

Varying the position of the point X, on the circle (0, a), 
we can construct as many points of the required circle as 
desired. 

When the points X and Y of the required circle are already 
constructed, and if | XY |< R, | DX | < А, we can con- 
struct further points on the circle as follows. We describe 
the circles (Y, | XY |) and (D, | DX |) which have the in- 
tersection point Z. The point Z belongs to the given circle. 
We describe the circles (D, | DC |) and (Y, | CY |) and de- 
note by Е the point of their intersection. If we then draw 
the circles (Z, | YZ |) and (E, | EY |), we obtain one more 
point on the circle, and so on. 
| а The segment |OX | = 2a = 2" | АВ|/2" = 

|. 
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Note. if on the segment AB one more point К is given such 
that | AK |  R (or | BK | <А), then the construction 
can be considerably simplified. We construct the segment 
| AD | = т | АК | (Problem 2, | AK |< А), picking the 
number т so that | AD | < | AB | and O< | DB |< А. 
To do this, we should lay off the segment AK two, three, 
etc. times (Fig. 36). If now we describe the circle (O, a), 
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where а = | АК |, take the point X, on it, construct the 
segment | ОС | = т |OX, |, and, finally, lay off the seg- 
— > 
ment | СХ | = | DB |* (OC М CX), then the point X lies 


on the given circle (see Fig. 37). 

Problem 27. (The third basic operation). Find the points 
of intersection of two given circles (O, | АВ |) and (0,, 
| CD |). 

Construction. If the radii of both circles are no greater 
than A, the construction of their intersection points is car- 
ried out directly by compasses. 

Now suppose that the radius of one or both circles is 
greater than R. 


* See Note to Problem 6. 
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We construct the segments a = | AB |/2^, b = | CD |/2?, 
and | OE | = |00, |/Z" (Problems 21 and 24); we take the 
number n such that a < R and b < R (Fig. 38). We describe 
the circles (O, a) and (E, b) and denote their intersection 
points by X, and Y, If we now construct the segments 
| OX | = 2" | OX, | and | OY | = 2" | OY, |, we obtain the 
required points of intersection X and Y of the given circles 
(0, | AB |) and (О, | CD |). 

Proof. 

JOX| = 2.a— 2": 22. — | ABI, 


n |AB 
joy | =2"- 122. — | ABI. 


From the similarity of the triangles OXO, and OX,E 
(| OX |Д OX, | = | OO, |/| OE | = 2^, the angle ООХ is 
common) we have 


: n n ICD 
10,X | = 2". |EX,| = 2" IC?! = icp). 


In exactly the same way we obtain | OY | = | СР |. 

Problem 28. Construct a point C, symmetric to a given 
point C with respect to a given straight line AB. 

Construction. For the case | AC |< R and |BC|<R 
the construction is given in Problem 1. If the distance be- 
tween the point C and the given straight line AB is less than 
В, then employing Problem 22 we can always find points 
A, and B, on the straight line, such that | CA, | xz R and 
| CB, | < А. 

Now let the distance between the point C and the straight 
line AB be greater than В. We can take | AB | < 2R, 
otherwise we can find such points on the given straight line 
(Problem 22). 

We take a point E in the plane such that | CE | xz А and 
the straight line CE intersects the segment AB. We con- 
struct the segment |CD|=m|CE| ([СЕ | — ...— 
| HD |, Problem 2). We choose the point Е and 
number m in such a way that the segments AD, AH, BD, 
and BH be less than R. 

We construct the points D, and H, symmetric to the 
points D and Н with respect to the given straight line (Prob- 
lem 1). We construct the segment | D,C, | = m | DH, |. 
The point C, is the required one, symmetric to the given 
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point C with respect to the straight line AB (Fig. 39), i.e. 
C, = Sup (С). 

Note. The solution to Problem 1 remains also valid in the 
general case if in order to construct the symmetrical point C, 
of intersection of the circles (A, | AC |) and (B, | BC |) we 
employ Problem 27. 

Problem 29. (The fourth basic operation). Construct the 
points of intersection of a given circle (O, | CD |) and a 
straight line given by two points A and B. 

Construction. When the straight line does not pass through 
the centre of the circle we construct the point O, symmetric 
to the centre O of the given circle with respect to the straight 
line AB (Problem 28). We define the points of intersection X 
and Y of the circles (0, | CD |) and (0,, | CD |) (Prob- 
lem 27). The points X and Y are the required ones. 

If the straight line passes through the centre of the circle* 
(Fig. 40) we construct the segment r — | CD |/2* on condi- 
tion that r < R/2 (Problems 21 and 24). We describe the 
circle (O, r) and denote by A, and B, the points of its inter- 
Section with the circle (A, d) (or (B, d)), where d is an arbi- 
trary radius less than or equal to R. If the circles (A, R) or 
(B, R) do not intersect the circle (O, r) when d — R (in 
this case | OA | > В + r and | OB | > В + г), then using 
Problem 22 we find a point E on the straight line AB such 


* To check this fact see Note to Problem 1. 
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that | OE |< В + г; the circle (E, d) intersects (0, г) at 
the points A, and B,. By varying the size of the radius d, 
we should make a = | A,B, | < R/2. 

We bisect both arcs A,B, of the circle (O, r) by the points 
X, and Y, (Problem 4). Then we construct the segments 
| OX | = 2" | ОХ, | and | OY | = 2" | OY, | (Problem 2, 





~ 


—— —7 


Fig. 40 


|OX, | = JOY, | = r < R/2). The points X and Y are the 
required intersection points of the given straight line and 
the given circle. 

The largest circle in this construction is drawn when the 
arc A,B, is bisected. When an arc is bisected (see Problem 4), 
the radius of the largest circle equals | BC | = V 2a? + г? 
(see Fig. 5). In our construction the radius satisfies the fol- 
lowing inequality 


V2erney 2 (+) +(z) <2 


Problem 30. There are three segments a, b, and c. Con- 
struct а segment x that would be the extreme term of the 
proportion a/b = с/х. 

Construction. Ifa < R, b < В, and c < В, the construc- 
tion is given in Problem 3. 

Now let at least one of the above inequalities be invalid. 
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We construct segment a, = a/2^, b, = b/2^, and с = с/2" 
(Problems 21 and 24), selecting natural numbers n and m 
such that a, < А, b, <А, c, © R, and c, < 2а). 

We construct the segment z, that would be the extreme 
term of the proportion a/b, = c,/x,. If we now construct 
the segment x = 2".z, (Problems 2 and 25), we find the 
required segment, which is the extreme term of the propor- 
tion a/b = с/х. 

Proof. The proportion 


can be written as 
alb = c/2™z,. 


Problem 31. (The fifth basic operation). Construct the 
intersection point of the given straight lines AB and CD, 
each of which is defined by two points. 

Construction of the intersection point of the given straight 
lines by compasses with a bounded opening is just the same 
as in Problem 7. However, instead of Problems 1 and 3, we 
make use of Problems 28 and 30, respectively. To find point Е 
and the required point X (the intersection point of the 
straight lines AB and CD) we employ Problem 27. 

Note. Making use of Problem 22 we can take the points 
A, B, C, and D, which define the given straight lines, so 
close to each other that all the circles drawn in this construc- 
tion will have radii not greater than R and so can be drawn 
by compasses with a bounded opening of the legs. 


ж ж Ж 


On the basis of the above discussion we come to the follow- 
ing conclusion. 

All five basic operations (the simplest problems) can be 
carried out (solved) with compasses describing circles whose 
radii do not exceed some prescribed segment Д. 

Each geometrical construction problem solvable by com- 
passes and a ruler can always be reduced to a finite sequence 
of basic operations in a certain order (Sec. 1). 

Thus, the following theorem holds. 

Theorem. All geometrical construction problems solvable 
by compasses and a ruler can be solved exactly using only com- 
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asses and describing circles whose radii do not exceed a cer- 
tain prescribed segment. 

We now investigate a general method of solving construc- 
tion problems by compasses the opening of whose legs is 
pounded from above by the segment R. 

Suppose that it is required to solve a certain construction 
problem, solvable by compasses and a ruler, using only 
compasses with a bounded opening. Let us imagine this 
problem solved by compasses alone in the classical sense 
when the opening is bounded in no way. As a result, we obtain 
a certain figure Ф which consists only of a finite number 
of circles. We denote by R, the largest of the radii of all the 
circles constituting the figure Ф. If it turns out that Д; < 
< А, then the indicated construction can be carried out by 
means of the compasses with a bounded opening. 

Now let А, > А. Let us take a natural number п such 
that R,/2"< R. Now И we reduce all the segments prescribed, 
including those which define the radii of the given cir- 
cles, by a factor of 2" and solve the problem by the given 
compasses, we obtain the figure ©’. It will be similar to the 
figure Ф, the ratio of similitude (homothetic ratio) being 
1/2". All the circles of the figure ©’ can be described with 
the given compasses since their radii are no greater than 
R,/2* (R,/2^xz В). It should be noted here that if, accord- 
ing to the conditions of a problem, a figure (D, is given in 
the plane of the drawing, then it is necessary to take one 
of the points of the figure as the centre of similitude and to 
construct a similar figure (D; with the ratio of similitude 
4/2” (that is, to make the figure Ф, 2” times smaller)*. 

Let us denote by Ч” that part of the figure Ф which is taken 
as the required result. We construct the figure V similar to 
the figure V' with the centre of similitude O and the ratio 
of similitude 2" (we enlarge the figure 4” 2^ times). To this 


end we construct the segments [OX,], . . ., [OX,] such that 
|OX,| = 2" JOX1|, 10X:| = 2^]OX;|, ..., |OX,| = 2"|0Х,|, 
where Xj, Х;, ..., X; denote all the intersection points of 


the circles in the figure Ч”. The points Xi, Xa, ..., X, 
of the figure ¥ denote the centres and intersection points of 
the circles which make up the figure. 


* The data in a problem can be given by several figures Ф., Ф,, ... 
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The figure V represents the required result of the given 
problem. Straight lines and circles whose radii are greater 
than В cannot be drawn in the figure V with the given com- 
passes. They can be constructed in the form of points, arbi- 
trarily close to each other (Problems 22 and 26). 

To illustrate the above arguments we use the solution of 
Problem 27 where ® consists of the circles (O, | AB |) and 
(0,, | CD |). We are given three segments AB, CD, and 00}, 
where | AB | and | CD | are the radii of two circles and 
| OO, | isthe distance between their centres О and O,. These 
circles are, respectively, the figures Ф,, Ф,, and (D, given 
in the statement of the problem (see Fig. 38). The figures 
@/, Ф,, and Ф; are the segments a, b, and OE, respectively, 
with the centres of similitude A, C, and O and the ratio of 
similitude 1/2”. The figure ©’ incorporates the circles (0, a) 
and (E, b) (together with their centres О and E). The figure 
V", taken as the required result in the figure M’, consists of 
two points X, and Y,. The result of the solution is the figure 
V consisting of points X and Y. The point О is the centre of 
similitude (in Fig. 38 2” = 4, n = 2). 

When solving construction problems the number п is 
usually unknown, since we cannot construct the figure Ф 
with the given compasses, which means that we cannot know 
the radius R, of the largest of the circles. Taking this cir- 
cumstance into account, we carry out the solution of the 
problem with the given compasses (with a bounded opening) 
until we come to a circle with the radius r, > R. We select 
the natural number n, in such a way that r,/2"1 < А. We 
diminish the given segments 271 times and begin the solu- 
tion of the given problem once more. As a result we either 
solve the problem completely and construct the figure Ф’, 
or again arrive at a circle of radius r, > R. We select the 
natural number n, in such a way that r,/2"2 < В and again 
diminish the segments 2" times (here the segments given 
in the statement of the problem are reduced 2^:*^: times). 
Then we begin to solve the problem for the third time and 
so on. After a finite number k of steps the figure has been 
constructed (the original segments given in the statement 
of the problem have been reduced 2 +m: +...+ "A 
times). 

Using a general method of solution, it is easy to construct 
by compasses with a bounded opening the figures inverse of a 
given point, a straight line, or a circle (Problems 15-18). 
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In conclusion to this section we give the solution of the 
following problem. 

Problem 32. Divide the given segment AB into five equal 

arts if we cannot have a segment five times as large as the 
given segment | AB | = a. 
7 [n the extensive work of Mascheroni [9] this problem is 
the only one solved with the constraint indicated in its 
condition. 

Construction. We describe the circle (B, a) and construct 
the point Е diametrically opposite to the point A (in 





Fig. 41 


Fig. 41 | AC | = |CD | = | DE | = a). We draw the circles 
(А, | AD |) and (Е, | ЕС |) until they meet at the points F 
and F,. We mark the point H of intersection of the circles 
(F4, a) and (B, a). We then describe the circles (H, | НР, |) 
and (F, | AE |) and at their intersection we obtain the point 
G. The circle (A, | FG |) intersects the circle (B, a) at the 
points К and K,. If now the circles (К, | АК |) and (K,, 
| AK, |) are drawn, then the required point X is obtained, 
i.e. 


1 
[ВХ | =- |AB]. 
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Let the point М on the circle (Н, | HF, |) be dias 

ically opposite to the point F, and let the point N 
Bine intersection point of the straight lines HF and MG. 
The segment | ВЕ | = | ВР, | = V 2a. The length of the 
tangent emerging from the point F to the circle (H, | HF, |) 
is equal to 

b=V IFF. [FB] =V 2V 2aV а а. 

But, on the other hand, | FG | = 2a by construction, hence, 
the straight line FG touches the circle (H, | HF, |) at the 


point G. 
From the right-angled triangle FGH we have 


|HF|=V |862 |GF|:— y 5a. 

The triangle ГМЕ, is isosceles, since the angle F,BM is 
a right angle, inscribed and subtended by the diameter РМ 
of the circle (H, | HF, |). This means that | MF, | = 
= | MF | = 2a. 

The triangle MGF is also isosceles (| MF | = | FG | = 2a), 
therefore (MG) is perpendicular to (HF). 

From the right-angled triangle HGF where GN is the 
height, we obtain 


| HG |? = а? = | НЕ |.| НМ | = V5a | HN | 


Proof. 


or 





HN|=—. 
IN| =- 
From the right-angled triangles HNG and MGF, we find 





2 [8 \2 а 4 
iva у a ( vs ) Lx IMG], 
16 4 
IGF, |? = 4a? — ——a?— = a’, 


And, finally, from the right-angled triangle AKE we have 
[AK |? = |GF,|?= |AE|- [АР] 


za, AE АХ | <0; 


= 
or 
Аа И 
a ee 
Hence 
1 
|BX| => 1481. 
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Sec. 6. Constructions by Compasses Ошу when the 
Opening of the Legs Is Bounded from Below 


In this section we use compasses the opening of whose legs 
is bounded only from below by the prescribed segment 
Rmin: With such compasses it is possible to draw circles of 
any radius greater than or equal to the segment Rmin. In 
the following we will simply write А instead of Rmin- 

Problem 33. Construct a segment n times greater than a 
given segment AA). 

Construction. We construct the segment A,E perpendicu- 
lar to the given segment AA, (Problem 8, we take | OA | > 
В). We define the point Е’, symmetric to the point E 
with respect to the straight line AA, (Problem 1, here 
| AE |> А and |A,E| > А). We construct the point Ag, 
symmetric to the point A with respect to the straight line 
ЕЕ’. The segment | АА, | = 2 | АА; | (Fig. 42). 

Then we construct [A45£,] ! [AA,] and E; = $ (44, (E). 
If we now construct the points А; = S(g,gj (А!) and A, = 
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Seh (4) we have 
(E1 Ei) I4As = 31441 |, [ АА. | =4| АА, |. 


пач the construction is performed іп а similar way once 


ae For 4А; | > А the construction is given in Problem 2. 

The radii of “all the circles drawn in this construction are 
not less than the segment R. 

Note. From the given construction it is obvious that the 
points Ay, Ay, Ag, Ав, ... can be constructed immediately 
missing out the construction of the points As, А,, Ag, Ат, 
Ag, i.e. the segments 2, 4, 8, 16, ..., 2" times greater 
than the given segment AA, can be found. 

Problem 34. Construct a segment n times smaller than the 
given segment AB (divide a segment into п equal parts). 

Construction. For | AB | > В the construction is given in 
Problem 9. 

Now let | AB | < В. We construct the segment | AB’ | = 
= m | AB | (Problem 33) and take a natural number m 
such that | AB’ | > Д. We divide the segment into nm equal 
parts (Problem 9). We obtain the required segment AX: 


jax] =L, 
Indeed 
[AX| = 1481. m АВТ _ 1481. 
nm nm n * 


Note. In this case if we use the construction of Problem 10 
instead of that of Problem 9, we get 


1 
|AX| = 5+ [АВ|. 


The solution of Problem 5 remains valid for compasses 
with opening bounded from below. 

Problem 35. (The second basic operation). Describe a 
circle of radius r — | AB | with the given point O as centre. 

Construction. If | AB | > R, then the circle can be drawn 
directly with the given compasses. But if | AB |< R, then 
we cannot describe the circle as a continuous curve with the 
given compasses; in this case it is possible to construct any 
number of points situated as closely together as desired on 
the circumference of the circle defined by its centre and 
radius. 
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Let | AB |< R. We describe the circles (O, a) and (A, a) 
of an arbitrary radius а > А + г and take two points С 
and D on the second circle, such that | CD | > В. We take 
the point C, on (O, a) and describe the circle (C,, | CD |) 
which intersects the circle (O, a) at the point D,. If now 
we describe thecircles (C,, | СВ |) and (D,, | BD |), we obtain 
at their intersection the point X which lies on the required 





Fig. 43 


circle (O, r). By varying the position of the chord C,D, on 
the circle (O, a), it is possible to construct any number of 
points of the given circle (Fig. 43). 

The validity of the construction immediately follows 
from the congruence of the triangles ACD, OC,D,, and BCD, 
XCD.. 

Now we consider a general method of solving geometrical 
construction problems using only compasses whose opening 
is bounded below by a segment R. By this method it is pos- 
sible to solve every construction problem solvable by com- 
passes and a ruler, including the third, fourth, and fifth ba- 
sic simplest problems (Problems 5-7). 

The general method of solving problems by compasses alone 
which describe circles of radius not less than R coincides 
with the general method described in Sec. 5. The difference 
between these methods is that the segments given in the 
conditions of the problem have not to be diminished 2” times 
but, quite the reverse, increased n (or 2”) times (Problem 33). 

Let usassumethat a certain construction problem, solvable 
by. compasses and a ruler, should be solved by compasses 
alone whose opening is bounded from below by a segment R. 
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i ‘ne this problem being solved by compasses 
EON ре je mot bounded. As a result we obtain a 
figure Ф which consists only of circles. We denote by R, 
the smallest of the radii of all the circles comprising the 
figure Ф. We select a natural number п such that nR, >> В 
and construct the figure Ф’ similar to the figure and n 
times larger. We denote by Ч” the part of the figure Ф’ 
which represents the required result. If now we construct 
the figure V which is n times smaller than the figure ЧУ” we 
find the required result of our problem (Problem 34). 

Thus, we arrive at the following theorem. 

Theorem. All geometrical construction problems solvable by 
compasses and a ruler can be solved exactly using only com- 
passes capable of describing circles whose radii are not less than a 
prescribed value. 


Sec. 7. Constructions by Compasses Only When the 
Opening Is Fixed 


Geometrical constructions by compasses with a fixed open- 
ing, capable of describing only circles of constant radius R, 
were investigated by many scholars. A large part of the 
work The Book of Geometrical Constructions by the Arab 
mathematician Abu Yaf is devoted to this subject. Leonardo 
da Vinci, Cardano, Tartaglia, Ferrari, and others have been 
engaged in solving construction problems using only com- 
passes with a fixed opening. 

By compasses with a fixed opening R we can construct a 
straight line perpendicular to the segment AB at one of its 
ends, only if | AB |< 2R (Problem 8); we can increase the 
segment R 2, 3, 4, ... times (Problem 2). If | AB |< 2R 
and | AB | R it is possible to construct the points of a 
straight line AB (Problem 5) changing the position of the 
symmetric points C and C, each time. However, with these 
compasses we cannot divide segments and arcs into equal 
parts, find proportional segments, and so on. 

Thus, it is impossible to solve all construction problems, 
solvable by compasses and a ruler, using only compasses with 
a fixed opening. 

In two preceding sections we considered the solutions of 
construction problems using only compasses when certain 
constraints were imposed on the opening, and suggested gene- 
ral methods of solving the problems by such instruments, 
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Naturally, the question arises: Is it possible to solve con- 
struction problems by compasses whose opening is bounded 
from above and from below simultaneously, i.e. by compasses 
capable of describing circles of radius not smaller than Rmin 
and not greater than Rmax- 

The answer to this question is in the work of Japanese 
mathematician K. Yanagihara [14]. K. Yanagihara proved 
that all construction problems solvable by compasses and a 
ruler can be solved exactly using only compasses also in 
the case when a radius is simultaneously bounded from above 
and from below by the lengths Rmax and Rmin- 

This proof is too complex and abstract to be given in our 
book. 

The difference Ry, — Rmin in Yanagihara's basic theo- 
rem can be taken sufficiently small. In other words, all geo- 
metrical construction problems solvable by compasses and 
a ruler can be solved exactly using only compasses with a 
"nearly" constant opening. And, as has already been noted at 
the beginning of this section, all these problems cannot be 
solved by compasses with a fixed opening. 


Sec. 8. Constructions by Compasses Only on Condition 
that All Circles Pass Through the Same Point 


In this section we consider the solution of geometrical 
construction problems by compasses alone on condition that 
all the circles being drawn pass through the same point in 
the plane*. 

Definition. The angle of intersection of two circles (in the 
general case of two curves) is understood to be the angle 
made by the tangents to the circles (curves) at the point of 
intersection. The circles are said to be orthogonal if they 
intersect at right angles. 

Theorem 1. 7f the circle (O,, R) and the circle of inversion 
(О, г) are orthogonal, then the former is its own inverse**. 

Proof. If the circles are orthogonal, then the angle OAO, 
formed by their radii at the intersection of the circles is a 
right angle. This means that the straight line OA is a tan- 


* [n this section no constraints are imposed on the openings of 
the compasses. 

** The converse theorem is also true but it is not used in this 
section. 
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gent to the circle (O,, R) at the point A, and 
| OP |:| OP’ | = QA P = r. 


The last equation is true for any secant OP. The point P’ 
is the inverse of the point P. The arc APA, of the circle 
(O,, R) is the inverse of the arc AP'A, (Fig. 44). 

In Problem 11 we gave the construction of a segment 3* 
times as great as the given segment AA ,. In this construction 
all the circles pass through the point A. The only exception 





Fig. 44 


is the circle (A, | AA, |) which is drawn in order to find the 
points Е and Е” and does not pass through the point A 
(Fig. 18). 

However, we may not draw the circle (A, | AA, |) but 
proceed as follows. 

We make the opening of the compasses equal to |AA, | 
and set the point of the pencil at the point.A (actually this 
point of the pencil differs in no way from the sharp end of 
the needle of the other leg of the compasses). Then, without 
changing the opening of the compasses we set the second leg 
in such a way that the needle point falls on the arc of the 
circle (4,, |AA,|). The needle point of the compasses gets 
into the point E. If we now describe the circle (E, | AE |), 
then at its intersection with the circle (Ay, | AA, |) we 
obtain the point C. Just in the same way it is possible to 
construct the point C'. We introduce this additional opera- 
tion into the theory of geometrical constructions by compas- 
ses alone. 

And so it is possible to construct a segment 3" times as 
great as the given segment (Problem 11) in such a way that 
all the circles pass through the same point, 
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The solutions of Problems 15, 16, and 17 are found in 
such a way that all the circles pass through the same point 
Q which is the centre of inversion (see Figs. 26, 28, and 29). 

Consider the construction of the point X, which is the 
inverse of the point C when | OC | xz r/2 (Problem 15). 
In order for all the circles without exception to pass through 
one point О, it is necessary; to construct ,the ‘segment 
| OC; | = 3” [ОС | > r/2 (Problem 11, the remarks made 
at the beginning of this section being taken into account) 
instead of the segment | ОС, | = n|OC |> r/2 (Fig. 27) 
and to construct | ОХ | = 3" | OC; |. 

Thus, with the help of compasses alone, it is possible to 
construct: the inverse of a given point; a circle passing 
through the centre of inversion which is the inverse of a given 
straight line; and, finally, a straight line (two of its points) 
which is the inverse of the circle that passes through the 
centre of inversion O. In each construction we draw only the 
circles passing through the same point O, the centre of in- 
version. 

* * * 


As we noted in Introduction, J. Steiner showed that all 
construction problems solvable by compasses and a ruler, 
can also be solved exactly by a ruler alone if in the plane of 
the drawing there is a constant (auxiliary) circle (O,, R) 
and its centre. 

Now, let us suppose that a certain construction problem 
was solved by Steiner's method; as a result we obtain a 
figure Ф in the plane of the drawing which consists, apart 
from the auxiliary circle, of straight lines only. Let us take 
an arbitrary circle (O, r), the only condition being that its 
centre О lie neither on the circle (O,, А) nor on straight lines 
of the figure Ф and let us take it as the circle of inversion. 
We construct the figure ©’ which is the inverse of the figure 
Ф. The figure Ф’ so constructed consists of circles only, all 
of which (with the exception of the circle of inversion (O, r) 
and the circle which is the inverse of Steiner’s circle (O,, R)) 
pass through the same point O, i.e. the centre of inversion. 

If the circle of inversion (O, r) intersects the auxiliary 
circle (O,, R) at right angles, then by virtue of Theorem 1, 
Steiner's circle (O,, R) is self-inverse (i.e. it simultaneously 
belongs to Ф and ©’). The figure Ф consists of straight lines 
and Steiner's circle; the inverse figure Ф’ includes Steiner's 
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circles passing through the centre of inversion, and, 


ed some isolated points (centres of these circles). 
То construct Ф’ it is necessary to make use of Problems 15 
and 16 only. 


Thus, in the construction of the figure Ф”, the inverse of 
the figure Ф (when the circle of inversion and Steiner’s 
circle are orthogonal), all the circles used, pass through 
the same point O, there being only two exceptions, namely, 
the circle of inversion (O, r) and the auxiliary Steiner’s 
circle (O,, R). 

We should like to note that the order of operation in the 
construction of the figure Ф’ should be the same as in the 
construction of the figure Ф by Steiner’s method. 

In order to illustrate the above, let us solve the following 
problem. 

Problem 36. Given the straight line AO, and the point C 
outside it. Construct a straight line passing through C and 
perpendicular to the straight line AO,, and find the point of 
their intersection. 

Construction. Let (O,, В) be Steiner’s circle where А = 
1 О.А |. We construct the figure Ф by Steiner's method 
in three steps. (1) We draw the straight line AO, until it 
intersects the circle (0,, R) at point В. (2) We draw the 
straight lines AC and BC and mark the points E and D of 
their intersection with Steiner's circle. (3) If we now draw 
the straight lines AD and BE, we obtain the point F at 
their intersection. The straight line CF is perpendicular to 
the straight line AO,. Let H be the intersection point of 
the straight lines AB and CF (Fig. 45). 

Proof. The segments CD and EF are the heights of the 
triangle ACF, since the angles ADB and AEB are right 
angles (they are inscribed into the circle (О,, А) and are sub- 
tended by the diameter AB), therefore (FC) is perpendicular 
to (АО,) because the heights of the triangle intersect at the 
same point. 

The figure Ф in this problem consists of Steiner's circle 
(O,, В) and six straight lines AO,, AC, AD, CD, CF, and 
EF. At the beginning of the construction the figure consists 
of Steiner's circle, the straight line А0,, and the point C. 

Now let us consider the solution of Problem 36 by com- 
passes alone, on condition that all the circles drawn, with 
the exception of two, will pass through the same point. 

Construction. First we define the circle (О, г) so that it is 
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orthogonal to Steiner's circle (0,, №), where В = | О.А |. 
Tofdo}this weztake two arbitrary points К and M on the 
circle (O,, В) and construct (KO) perpendicular to [КО] 
(Problem 8, 2nd method) for which we draw the circles 
(M, | KM |) and (К, | KP |) until they meet at the point О. 
The point P is obtained at the intersection of the circles 
(M, | KM |) and (0,, В) (see Fig. 45). 

Varying the position of the points K and M it is possible 
to find a point O which does not lie on any of the straight 





Fig. 45 


lines of the figure Ф. The circle (О, | OK |) is orthogonal to 
Steiner's circle (O,, R). Therefore, if the circle (O, r), where 
r — |OK | is assumed to be the circle of inversion, then 
Steiner’s circle (O,, R) is inverse to itself. 

iThe figure Ф’, inverse of the figure Ф, is built up from 
seven circles (Оз, | OO; |), (Оз, | OO; |), (04, | OO, |), (Os. 
| 00s 1), (Os) 1 OO, I), (07, | OO; |), and (0, А)“. (Steiner's 
circle is self-inverse, therefore it belongs to the figures D 
and Ф’ simultaneously.) The first six circles pass through the 
centre of inversion O and they are respectively inverse to 


* The centres of these circles О», Os, О,, О, Og, O;, and О, can be 
regarded as separate isolated points of the figure Ф’. 
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‘cht lines АР, А0}, AC, CD, CF, and EF of the 
а Tue points А’, В’, С’, О’, E', Е and H' of the 
figure Ф’ are respectively inverse to the points A, B, C, D, 
E, Е, and Н of the figure Ф. All the circles drawn to con- 
struct the first six circles of the figure Ф”, and also the circles 
(M, | KM |) and (K, | KP |) needed to define the centre 
of inversion O, pass through the same point O in the 
plane. 

At the beginning of the construction the figure (D consists 
of the given point C and the straight line AO,, we add Stei- 
ner’s circle (O, В) to it. In order to construct the other 
straight lines of the figure Ф by compasses alone, i.e. to 
construct the points B, E, D, and the required points F 
and H, we construct the figure ©’ reproducing, in fact, three 
steps of Steiner's construction. 

(1) We construct the circle (Os, | OO; |) inverse to the 
straight line AO, (Problem 16) which intersects Steiner's 
circle (Оз, В) at the points A’ and В” (the point А’ is inverse 
to the point A). We find the point B, inverse to the point B’ 
(Problem 15). The point B is the intersection point of the 
straight line AO, and the circle (O,, А) (see Fig. 45). 

(2). We construct the circles (O,, | OO, |) and (0,, | OO, |) 
which are inverse to the straight lines AC and BC. Let these 
circles intersect Steiner’s circle at the points A’ and Е’, 
В’ and О’, respectively. We construct the points E and D, 
inverse to the points Е’ and D’. 

(3) Finally, we construct the circles (Os, | OO, |) and (03, 
| OO, |) which are inverse to the straight lines AD and BE 
and intersect at the point F’. We find the point F inverse to 
the point F'. CF is the required straight line. Now let the 
circle (Og, | OO, |), inverse to the straight line CF, inter- 
sect the circle (Оз, | OO; |) at the point H’. The point Н, 
inverse to the point Я’, is the required point, i.e. 


Н = (CF) П (A0). 


On the basis of the above we сап formulate the theorem. 

Theorem 2. Every geometrical construction problem solvable 
by compasses and a ruler can be solved by compasses alone in 
such a way that all circles of the construction except two (the 
circle of inversion and the auziliary Steiner's circle) pass 
through the same point, that is, the centre of inversion. 
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Now, let a certain problem be solved by Steiner’s method. 
As a result we obtain the figure Ф which consists of the circle 
(01, В) and straight lines, some of which pass through the 
centre О, of the auxiliary circle. If Steiner's circle (O4, А) 
is taken as the circle of inversion and the figure Ф’, inverse 
of Ф isconstructed, then the figure Ф’ is built up from 
straight lines and circles, and, moreover, all these straight 
lines and circles, with the exception of the circle (O,, R), 
pass through the same predetermined point O,*. 

Hence follows the theorem. 

Theorem 3. Every geometrical construction problem can 
always be solved by a ruler and compasses in such a way that 
all straight lines and circles except one (the circle of inversion, 
which is also the auxiliary Steiner's circle here) pass through 
one predetermined point which is the centre of inversion. 


з з 8 


Suppose now that when solving geometrical construction 
problems by compasses alone we can use a ruler only once 
(in other words there is the straight line AB drawn by a ruler 
in the plane of the drawing). Let us take an arbitrary circle 
(О, г) with centre О, not on the straight line AB, as the circle 
of inversion, and let us construct the circle (O,, А) inverse 
to the given straight line (Problem 16). The circle (O,, R) 
passes through the centre of inversion O while R = | OO, |. 

The solution of any construction problem by Steiner's 
method with the use of the auxiliary circle (O,, В) gives the 
figure which consists only of straight lines and the circle 
(O,, В). The inverse figure Ф’ consists, apart from the 
Straight line AB, of circles only, passing through the centre of 
inversion O. At the same time we assume that none of the 





* A. Adler ([1], Sec. 20) states that if the auxiliary Steiner's circle 
(Oi, В) is taken as the circle of inversion, then "Not only is it possible, 
as had been shown by Mascheroni, to solve all geometrical construction 
problems of the second degree exclusively by compasses, but even to 
add the condition that all the circles included in the construction, 
except one of them, should pass through the same arbitrarily selected 
point”. 

The inaccuracy of this statement follows from the fact that all con- 
struction problems solvable by compasses and a ruler cannot be solved 
by a ruler alone, if the centre of the auxiliary circle О, is unknown, i.e. 
if no straight lines are passed through the centre O, (the lines being 
self-inverse (see Theorem 2, Sec. 3) and, therefore, belonging to the 
figure d^. 
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i ines of the solution by Steiner’s method had passed 
г A point O, lying on the auxiliary circle (0,, R), 
otherwise another circle should be taken as the circle of in- 
version (О, г). 

If the straight line AB has not been drawn, but а single 
use of a ruler is permitted, then we take an arbitrary circle 
(O,, В) in the plane of the drawing as an auxiliary and we 
solve the given problem by Steiner’s method. Then we take 
a point O on the circumference of that circle on condition 
that it should not lie on any of the straight lines of the 
figure Ф. We describe the circle (О, г) of the radius r < 2R 
and denote its points of intersection with the circle (O,, R) 
by A and B. We take the ruler and draw the straight line 
AB which is the inverse of the circle (O,, В) if we regard 
(O, r) as the circle of inversion. Then we construct the figure 
’, which is the inverse of the constructed figure Ф. 

Theorem 4. 7f a straight line is drawn in the plane of the 
drawing, then all construction problems solvable by compasses 
and a ruler can be solved by compasses alone in such a way 
that all circles of this constructions, except one (the circle of 
inversion) pass through the same point of the plane. 

This theorem is to a certain extent analogous to Steiner’s 
basic theorem for constructions by a ruler alone given a fixed 
circle. 
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Now let there be drawn by a ruler a certain figure V which 
‘consists of straight lines and segments (for instance, two 
«агае! lines ог a parallelogram, and so on). 

Let us suppose that we solved a certain construction prob- 
lem employing Steiner's method, taking Ф as an auxiliary 
figure. As a result we obtain a certain figure Ф which is 
built up from straight lines only. The figure ¥ is a subset 
of the figure Ф. 

Let us take an arbitrary circle (O, r) on condition that its 
centre does not lie on any of the straight lines of the figure 
Ф, as the circle of inversion, and let us construct the figure 
@’, inverse of the figure Ф. The figure Ф’ consists only of 
‘the circles passing through the same point O, the centre of 
inversion. 

Theorem 5. /f a certain figure in the plane is given (drawn), 
consisting only of straight lines and segments, then all construc- 
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tion problems which can be solved by Steiner’s method with this 
figure as an auxiliary one, can always be solved by compasses 
alone in such a way that all circles except one (the circle of 
inversion) pass through the same point, taken at random in 
the plane of the drawing. 


* * 


At the beginning of this section we introduced the addition- 
al operation by means of which Problem 15 can always be 
solved in such a way that all the circles in the construction 
except one (the circle of inversion (O, r)) pass through one 
predetermined point O, the centre of inversion. 

But if this additional operation is not applied, then, to 
construct the points E and E', E,, and E;, E, and E;, and 
so on in Problem 11 which is used in Problem 15 it is requi- 
red to construct the circles (A, | ДА, |), where i —1,2, .. 
In this case in Theorem 2 the phrase, ‘except two (the circle 
of inversion and the auxiliary Steiner's circle)! should be 
replaced by: ‘except the auxiliary Steiner's circle (0,, R), 
the circle of inversion (O, r), and, perhaps, a few more con- 
centric circles (O, rj), i — 1, 2. 

In Theorems 3, 4, and 5 the phrase ‘except one (the circle 
of inversion)’ should be replaced by ‘except the circle of inver- 
sion (О, г) and, perhaps, a few more concentric circles (О, r;), 
i=1, 2,.. 

For instance, Theorem 3 can be formulated as follows. 

Theorem 3’. Every geometrical construction problem can 
always be solved by a ruler and compasses in such a way that all 
straight lines and circles pass through one predetermined point O 
except the circle of inversion (O, r) and, perhaps, a few more 
concentric circles (О, r;), i = 1, 2, . . ., with the centre of in- 
version O as a centre. 

Thus, all the circles of the construction can be divided 
into two groups: the circles of the first group pass through 
the same point O, and the circles (one or more) of the second 
group are described from the same point О as a centre. Among 
these concentric circles there is always the circle of inver- 
sion (О, г). 
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Appendix 1. Symbols and Notation Used in the Book 


N 
Ф, V 
(АВ) 


[AB] 
[AB) 


| 
(AB) || (CD) 


L 
[AB] L [CD] 


2: 


ос f MRED ( 


Q 


A (zx) 
М = (ai b; ej) 


(О, г) 
— 
AB 
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The set of natural numbers 

Geometrical figures 

Astraight line passing through the points 
A and B 

A segment with the end points A and B 
А ray AB 

Parallel 

A straight line AB is parallel to a straight 
line CD 

Perpendicular 

A segment AB is perpendicular to a seg- 
ment CD 

Angle, / АВС is an ABC angle 


“™. 
Magnitude of an angle, ABC = 60° 
Arc, ~ AB is an AB arc 


Angular value of an arc, CD = 90° 
Triangle 

Sign of similarity, A АВС ~ ACDE 
Sign of congruence, A ABC = ACDE 
Sign of membership, A € (CD) means that 
the point A belongs to (CD) 

Sign of inclusion, [AB] c ® means that 
a segment AB belongs to a figure (D 
Sign of union 

Sign of intersection, E = (AB) N (CD) 
means that straight lines intersect at the 
point E 

Empty set, М = @ means that the set М 
is empty 

A point with the coordinate = 

The set M consists of the elements a, b, 
and c 

A circle or a circumference with the centre 
O and the radius r 

Vector AB 


0T» 
tt Similarly directed vectors, ABCD 
means that the vectors are on parallel 
straight lines and similarly directed 
Oppositely directed vectors 


Su» (С) A point symmetric to the point C with 
respect to the straight line AB 
Hb Homothety (similarity) with the centre O 


and coefficient k 


Appendix 2. Proof for Problem 18 in the General Case 


Problem 18 includes a proof for the case when the centre 
of inversion О lies outside the given circle (O,, В). The proof 





Fig. 46 


does not require the construction of the tangent OP and is 
valid in the general case. 

Proof. Let us introduce the coordinate line: O (the centre 
of inversion) is the origin, the abscissa passes through the 
centre of the given circle, O,. The coordinates of the points 
on the z-axis are denoted by A (z,), A’ (xj), BY(z,), В’ (xi), 
О, (2з), О, (z,), and О’ (z5) (see Figs. 25, 30, and 46). 
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Then 





R= |%2—2| R= 193—211 (4) 
pore > 

[zm RTAL, qu = ЕЕ, (2) 

Iz blz |= (3) 


Let the point O’ be inverse to the point O, (the centre of 
the required circle which is inverse to the given circle), i.e. 


| £a [e] 25 | = 7°. (4) 
It is necessary to prove that 
[23 |*|2;—25 | = А?, (5) 


i.e. that the point О’ is inverse to the point O if the circle 
(О,, В) is taken as the circle of inversion. 
Indeed, from Eqs. i (4) we ae 


Qo EP 
5 z latal | 
atal 1214221272 
ug НЕЙ 
Јаз 2r? 
E т? Е 
T, pc 
121+ 2212—24 [23] 121 
2121422] 
ЕТ, аа |= 41а 2А. 


The theorem has been proved. 
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This booklet is intended for a wide circle of readers. 

It should help teachers and pupils of senior classes of 
secondary schools to acquaint themselves in greater 
detail with geometrical constructions carried out by 
compasses alone. It can serve as a teaching aid in 
school mathematical clubs. The booklet can also be 
used by students of physical and mathematical 
departments of universities and teachers’ training 
ies to deepen their knowledge of elementary 
mathematics. = 





